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Abstract

This thesis develops new stereo vision methods for the reconstruction and analysis of complex

surfaces, such as riverbeds. Depth and surface orientation estimates are crucial to the understand-

ing of 3D scene geometry, from calibrated stereo images.

In this work, we propose new visibility and disparity magnitude constraints, for slanted

patches in the scene. These constraints can be used to associate geometrically feasible planes

with each point, in a 3D disparity space representation. The new constraints are validated in the

PatchMatch Stereo framework of Bleyer et al. (BMVC, 2011). In order to estimate the plane pa-

rameters in this algorithm, we modify the original spatial propagation procedure, and introduce

a gradient-free non-linear optimiser. These improvements allow us to achieve accurate disparity

maps, with sub-pixel precision, according to the Middlebury stereo benchmark.

In addition to surface orientation, curvature information is needed for a full understanding

of the local surface structure. The PatchMatch surface model is planar, and does not directly

estimate the local curvature. We propose a local quadric surface model, which uses both the

spatial position and the estimated surface normals, in the disparity space. We also propose prin-

cipal curvature and principal direction constraints, which ensure that the local quadric model is

geometrically feasible.

Finally, we describe the design and capture of a new photogrammetric dataset, which can be

used to study topographic changes in riverbed morphology, over time. The dataset is challenging

for conventional stereo matching algorithms, because the visible surface consists of sand, which

lacks large-scale image features. This laboratory dataset comprises thirty-nine calibrated stereo

pairs, plus fifteen ground-truth depth maps, obtained by a laser scanner. We used this dataset to

validate the stereo vision methods developed in the thesis, in relation to potential geomorpholog-

ical applications.
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Chapter 1

Introduction

Geomorphology is the scientific study of landforms and the processes that shape them. Geo-

morphologists seek to understand the formation of landscapes and try to predict future changes

through a combination of field observations, physical experiments and numerical modelling.

The study of geomorphology can be subdivided into various interconnected geomorphologic

processes such as aeolian (e.g., air), biological, fluvial (e.g., water), glacial etc. Broadly each

process consists of three categories, (a) production of regolith1 by weathering and erosion, (b)

transportation of regolith, and eventually (3) deposition of regolith. Wind, waves, chemical dis-

solution, mass wasting, groundwater movement, surface water flow, glacial action, tectonism,

and volcanism are primarily responsible for most topographic changes. In this thesis, we are

interested in learning how fluvial process changes its associated topography.

1.1 Fluvial processes

Fluvial geomorphologic processes are those related to rivers and streams, both of which are good

carriers of water and sediment. As water flows over the channel bed, the channel bed assembles

and transports sediments, either as bed load, suspended load or dissolved load. The rate of

transportation of sediments depends on the availability of sediments in the channel bed and the

flow of the channel bed.

Besides, rivers and streams are also capable of eroding rocks and creating new sediments,

1Regolith is a layer of loose, heterogeneous material covering solid rock. It includes dust, soil, broken rock, and
other related materials.

1
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Figure 1.1: Fluvial Processes (Image courtesy National Science Foundation)

both from their beds and their surroundings. The flow of water gives rivers and streams more

power to erode as there is more friction in the moving water. Deposition of the sediments occurs

during flooding or flowing into an open plain. Thus, rivers and streams play a major role in

large-scale landscape evolution in non-glacial environments. So both rivers and streams have

key connections with the formation of different landscapes (Fig. 1.1).

1.2 Research problem

The overall aim of the project is to create a physically valid 3D digital elevation model (DEM)

of dynamic objects, which will help answer certain geomorphological questions such as their

formations, erosion and deposition of sediments over the channel bed, etc. To get the DEMs, we

need to capture a high quality calibrated dense 3D model of the channel bed of a river or stream.

The idea is to build a working model inside a laboratory with constrained parameters and then

extend the model to an outside environment.

1.3 Challenges

There are only a few techniques that can acquire high-quality 3D data of a dynamic scene. All

the techniques mentioned in Sec. 1.6 have some limitations. Most of them can not work with a

dynamic scene. The following are the primary challenges of this project.
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• Dynamic scene modelling. As water flows over a channel bed, it erodes sediment at some

places and also deposits the sediment at other places as well, so the surface of the channel

bed is continuously changing with time.

• Fine texture. It will be hard for stereo matching algorithms to find structures in the sand

images as there is not enough variation of textures. Moreover, the textures changes with

conditions, e.g., when the sand is wet or dry.

• Calibration. From a geomorphic perspective, the greatest topographic difference in the

active area is likely to remain at the millimetre scale. Precise calibration is required to

achieve this accuracy.

• Ambient light and reflectivity. The lighting condition is also a key issue, e.g., Microsoft

Kinect will not work in sunlight. On a natural channel bed, the material reflectivity will

vary greatly. For the laboratory model, we need diffused light to reduce sensor noise and

reflection.

• Field condition. The rate of change of erosion and sedimentation will depend on the slope,

landscape formation of the riverbed and volume of flow. The model needs to be robust

enough to detect the changes while the field condition varies.

• Refraction. If we put a coin in a bowel and put some water in it, it seems that the coin has

come a little bit upwards. The true depth of the coin is hard to compute just from seeing

it. This is known as the refraction problem. Such problem will occur if water is considered

while capturing the stereo pair.

• Colour aliasing. When a scene is captured digitally, any patterns or colours that did not

exist in the original scene, but are present in the reproduced image are generally referred

to as ‘aliasing’. In single sensor electronic imaging systems, scene colour is acquired by

sub-sampling in three colour planes to capture colour image data simultaneously for red,

green and blue colour components. Usually, this is accomplished by placing a mosaic of

red, green and blue filters over a 2D single sensor array. One way of arranging red, green

and blue pixels to form a mosaic pattern (e.g. Bayer pattern) is shown in Fig. 1.2. Since

each pixel is filtered to record only one of three colours, the data from each pixel cannot

fully specify each of the red, green, and blue values on its own. To obtain a full-colour

image, various demosaicing algorithms can be used to interpolate a set of complete red,

green, and blue values for each pixel. These algorithms make use of the surrounding pixels
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Figure 1.2: RGB color filter array with Bayer pattern

(a) Colour aliasing of the sand in the sandbox using
PointGrey Cameras. Note the un-physical red and
green hues.

(b) Images of the same sand in the sandbox using a
Nikon D7100.

Figure 1.3: Images from different cameras

of all colours to estimate the values for a particular pixel. One significant characteristic

of this type of sensors is horizontally adjacent pixels appear to contribute significantly to

the response of their neighbours. Some colours exhibit a large variation between the G

(green) values depending on the dominance of B (blue) and R (red) channel values. This

discrepancy gives rise to a blocking effect on the colour interpolated (and zoomed) image,

and also spreading of false colours into a detailed structure, due to B and R channel induced

errors. Fig. 1.3a shows the colour aliasing effect on the image of the sand taken by the

PointGrey camera whereas Fig. 1.3b is the same image taken by Nikon D7100 DSLR

Camera with 18-55 mm AF-S lens, where the colour aliasing is not visible.

1.4 Laboratory model

We have two laboratory models to replicate the topography of a channel bed. The first model is

a small sandbox (75cm × 56 cm) with markers all around (Fig. 1.4a). On top of the sandbox,
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(a) Sandbox (70 cm× 50 cm) with markers attached
from the top view.

(b) Riverflow Simulator

(c) PointGrey stereo camera (d) Nikon D7100

Figure 1.4: Laboratory model

we have a synchronised PointGrey stereo pair (Fig. 1.4c). In this setting, we assume that the

sand is static and use a patch based stereo matching to reconstruct the 3D model. The first model

does not involve water. The other model is a river flow simulator (Fig. 1.4b) which is a bigger

sandbox with water running through it. It replicates the flow of a river, so the sand here is no

longer rigid. We first to model the static sand and later the dynamic one. As the resolution of

the PointGrey camera is inferior, we later used a DSLR camera (Nikon D7100) (Fig. 1.4d) to

capture the images. Markers were used around the sandbox to rectify (Sec. 2.2.5) the images as

the sand images do not have enough texture variation to establish keypoints.

1.5 Depth measuring techniques

The increasing availability of high-performance computers, complex surface models and sophis-

ticated optimisation techniques have significantly impacted the field of digital elevation mod-

elling and geomorphological terrain analysis. Based on new developments in remote sensing

technology, there has been a notable transformation in the acquisition of topographic data. Time-
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Figure 1.5: Time-of-Flight camera operation (Image courtesy Texas Instruments)

of-Flight and Photogrammetry, in particular, have revolutionised the quality of digital elevation

models and the 3D representation of a terrain’s surface by extending their spatial extent, resolu-

tion, and accuracy [89, 68]. The Time-of-Flight principle uses active sensors (for ex., LED or

laser transmitters) to measure the depth of the scene, whereas photogrammetry relies on passive

sensors (e.g., CCD, CMOS).

1.6 Time-of-Flight

Time-of-Flight (ToF) principle is used for long and short range laser scanning. The time-of-flight

range finder estimates the distance of a surface by calculating the round-trip time of a pulse of

laser (ultraviolet or infra-red) light (Fig. 1.5). The laser emits a pulse and the amount of time

before the detector sees the reflected light is measured. Since the speed of light is known, the

round-trip time determines the travel distance of the light, which is twice the distance between

the scanner and the surface. The accuracy of a time-of-flight camera depends on how precisely

we can measure the time.

A Time-of-flight camera [22] uses infra-red (IR) light to probe the subject and produce a

depth image where each pixel encodes the distance to the corresponding point in the scene by

measuring the phase delay of the reflected IR light (Fig. 1.6). The range finder can only detect

the distance of one point at a time in its direction of view. Thus, to scan the entire field of view,

one should change the range finder’s direction of view. It can be done either by rotating the

range finder itself or by using a system of rotating mirrors. The latter method is commonly used

because mirrors are much lighter, thus makes rotation much faster with greater accuracy. The
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Figure 1.6: Time-of-Flight camera (Image courtesy vision-systems.com)

following are the devices that use ToF principle to measure the depth of a scene.

1.6.1 Terrestrial laser scanning

Terrestrial laser scanning (TLS) is a ground-based technique to measure the position and dimen-

sion of objects for surveying tasks. This active imaging method can rapidly acquire accurate,

dense 3D point clouds of object surfaces by laser range finder (Fig. 1.7). It uses an impulse

based time of flight technique to measure the distance between the scanner and the object.

The horizontal field of view of the most advanced TLS devices is 360◦ with almost 310◦ in

the vertical direction. State of the art laser scanners offers an accuracy of about 10 mm. The

data is measured by the scanners either in polar or cylindrical coordinates along with additional

information on the intensity of the received signal. These data describe a 3D cloud of detected

points in space, which is known as ‘point cloud’ data.

Figure 1.7: The principle of terrestrial laser scanning [82]
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Figure 1.8: A 3D terrestrial LIDAR scan of the Interstate-510 bridge in New Orleans, LA, USA.
(Image courtesy USGS Multimedia Gallery)

LIDAR, which stands for Light Detection and Ranging, is a remote sensing method that

uses ultraviolet light in the form of a pulsed laser to measure depth. The light pulses combined

with other data, such as the inertial measurement unit (IMU) and the global positioning system

(GPS) is recorded by the system, which generates precise three-dimensional information about

the shape of the object and its surface characteristics (Fig. 1.8).

The LIDAR system pulses a laser beam onto a mirror and projects it over the survey area,

measuring between 20,000 to 100,000 points per second. When the laser beam hits an object, it

is reflected to the mirror. The time interval between the pulse leaving the platform and its return

to the LIDAR sensor is measured. During post-processing, the time interval measurements are

converted to distance and corrected using the IMU and GPS data. GPS can accurately determine

the position in terms of latitude, longitude and altitude, which are also known as the X , Y and

Z coordinates. IMU aids the GPS measurements by calculating the angular rates, linear velocity

and position relative to a global reference frame. The LIDAR sensor collects a huge amount of

data, and a single survey can easily generate millions of points totalling several terabytes.

1.6.2 Kinect

The first version of Microsoft Kinect uses structured light to measure depth [96]. It uses an

infrared (IR) projector to project a known IR pattern on the subject. There is also an IR camera

which then captures the reflected pattern and based on the known pattern reflected from the

subject, and it can calculate the depth. Fig. 1.9b shows the projection of an IR pattern on the

hand and the wall [59].
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(a) Left image (b) Infra-red pattern [59]

Figure 1.9: Kinect (Image courtesy kinectingforwindows.com)

1.7 Photogrammetry

Photogrammetry is a technique that estimates the 3D position of surface points using two or more

overlapping images of a single physical object taken from different viewpoints. The fundamental

principle of photogrammetry is the triangulation of corresponding image points and the camera

centres. The intersection of the rays obtained from individual camera centre and image point

produces the 3D coordinates of the image point.

Stereo vision requires two or more cameras for understanding the 3D geometry of a scene.

Cameras should be as similar as possible for avoiding unnecessary difficulties (e.g., parameters of

a lens and image sensor). Calibration (Sec. 2.2.4) is essential to recover 3D quantitative measures

about the observed scene from 2D images. It estimates the parameters defining the camera model.

The baseline distance (B) of a stereo rig is the fixed translational distance between the projection

centres of two cameras. Any point in the scene that is visible in both cameras will be projected

to a pair of ‘conjugate’ image points in the two images also known as corresponding points. A

stereo camera set-up allows computing the physical depth of an image point using the concept

of disparity (Sec. 2.3), which is the image distance between the corresponding points. The

disparities of all the corresponding points when two images are stored in the coordinates of the

chosen reference image is known as the disparity map. To find the physical depth in terms of

disparity, we first need to rectify2 (Sec. 2.2.5) the images. In the rectified case (Sec. 2.2.5), while

viewing a 3D point through the two cameras of a stereo rig, the point in the right image will have

a different horizontal coordinate than the point in the left image, but same vertical coordinates.

This apparent horizontal shift of a corresponding point in between the images is the disparity d,

2Virtual rotation around the optical centre to reproject image planes onto a common plane parallel to the line
between optical centres. Pixel motion becomes horizontal after the rectification process.
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which is inversely proportional to the depth of a scene point [12].

1.7.1 Stereo triangulation

The 3D position a scene point can be reconstructed from its projection onto the image planes,

once the relative position and orientation of the cameras are known. Consider the simplest case

where there are only two cameras and the left camera coordinate system is aligned with the

world coordinate system (App. A.1). We also assume that the optical axes of the two cameras

are parallel (no rotation), and the translation of the right camera is only along the X axis.

Consider such a stereo camera model with the left camera C and the right camera C′′′ (Fig. 1.10).

Let B be the baseline between C and C′′′ and f be the focal length of each camera. We also assume

that a scene point P = (X ,Y,Z)T projects to p̄ and p̄′′′ in the left image I and the right image I′′′,

respectively. The image points p̄ and p̄′′′ will have the same y coordinate but different x coordi-

nate. Let x and x′′′ be the x coordinate of p̄ and p̄′′′, respectively. Thus the disparity in this case is

d = x− x′′′ . Using the concept of similar triangles, the depth of the scene point P (Z coordinate

of P in the left camera coordinate system, App. A.1) is governed by the expression :
d
B
=

f sx

Z
and hence depth of P is:

Z = B
f sx

d
, (1.1)

where sx denotes the size of the pixels per metric unit along the x-axis. This process of finding

Figure 1.10: Stereo triangulation. Figure reproduced from [12].
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depth by triangulating the scene point and the image points is called “stereo triangulation” [84].

Conversely, we can also find the disparity when the depth is known as:

d = B
f sx

Z
. (1.2)

1.7.2 Structure-from-Motion

Structure-from-Motion (SFM) [89] uses multi-view approach to estimate the 3D structures from

2D image sequences. Instead of using a single stereo pair, the SFM technique requires multiple,

overlapping images and camera calibration information (intrinsic parameters) as input to extract

features and 3D reconstruction algorithm (Fig. 1.11).

Feature points are detected in each image and matched between image pairs and then the

SFM framework computes the scene structure and camera motion [56]. To find correspondence

between images, features such as corner points (edges with image gradients in multiple direc-

tions) are tracked from one image to the next. The trajectories of the feature points are then used

to reconstruct the 3D positions and the camera’s motion. SFM computes an external camera pose

per image (the motion) and a 3D point cloud (the structure) representing the scene.

Figure 1.11: Structure-from-Motion (SFM). Instead of a single stereo pair, the SFM technique
requires multiple, overlapping images as input to extract and match features. Figure reproduced
from [89].
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1.8 Contributions

We develop new stereo vision methods for the reconstruction and analysis of complex surfaces,

such as riverbeds. Depth and surface orientation estimates are crucial to the understanding of

3D scene geometry, from calibrated stereo images. We propose a stereo matching algorithm

“Initialised PatchMatch Stereo” (IPMS) , which consists two constraints, namely visibility and

disparity magnitude constraints, that associate feasible planes with each point in the disparity

space. The new constraints are validated in the PatchMatch Stereo (PMS) [9] framework, which

is a dense local stereo framework that uses a slanted support plane at each pixel and creates a sub-

pixel precision disparity map. We use these new constraints not only for initialisation but also in

the local plane refinement step of this iterative algorithm. The proposed constraints increase the

probability of estimating correct plane parameters and lead to an improved 3D reconstruction of

the scene. Furthermore, the proposed constrained initialisation reduces the number of iterations

before convergence to the optimal plane parameters. In addition, as most stereo image pairs are

not perfectly rectified, we modify the view propagation of the PMS framework by assigning the

plane parameters to the neighbours of the candidate pixel. To update the plane parameters in the

plane refinement step, we use a gradient-free non-linear optimiser.

Both PMS and IPMS fail to smoothly reconstruct curved surfaces in the disparity space as the

framework uses a planar model to estimate the disparity of each pixel in the image. Moreover,

the model does not directly provide the local curvature information. We further propose a local

quadric surface model which successfully handles both curved and planar surfaces in the disparity

space and, also provides the curvature information at every pixel. As the spatial position of each

point in the disparity space is known, a local quadric can be estimated over a patch at each pixel in

the disparity space. The estimation depends on the patch size and the distribution of disparities

over the patch and is highly affected by outliers. Moreover, such estimation does not use the

surface normal information. In the proposed method, Quadric PatchMatch Stereo (QPMS), both

spatial and normal information are used to fit local quadric at each pixel. We further address the

false matching problem by introducing disparity guided spatial propagation, where a non-linear

disparity dissimilarity function weights the aggregated cost. Disparity guided spatial propagation

prevents false matches from growing and also fill them with the correct disparity value, provided

there is at least one good surface approximation of the neighbours. Moreover, the proposed

modifications will work with any stereo algorithm that can be cast in the PatchMatch Stereo
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framework.

We also designed and captured a new photogrammetric dataset, which can be used to study

topographic changes in riverbed morphology, over time. The dataset is challenging for con-

ventional stereo matching algorithms because the visible surface consists of sand, which lacks

large-scale image features. This laboratory dataset comprises thirty-nine calibrated stereo pairs,

plus fifteen ground-truth depth maps, obtained by a laser scanner. We used this dataset to vali-

date the stereo vision methods developed in the thesis, in relation to potential geomorphological

applications.

1.9 Organisation of the thesis

The thesis is organised as follows. Chapter 2 reviews basic stereo vision concepts and focus

on state-of-the-art dense local stereo methods that approximate the local scene surface in the

disparity space to measure depth. In Chapter 3, we introduce the Initialised PatchMatch stereo

algorithm which mainly describes constrained tangent support plane generation in the disparity

space. The Quadric PatchMatch stereo algorithm is discussed in Chapter 4, which generates

feasible local quadric surfaces for local stereo matching. This helps us to retrieve the curvature

information directly from the associated quadric. In Chapter 5, we present the riverbed dataset

along with ground-truth depth. We also analyse the depth and the curvature estimates of the gen-

erated surfaces. Finally, conclusion and future research direction on dense local stereo matching

are drawn in Chapter 6.
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State of the art

2.1 Introduction

Accurate depth estimation from stereo images is important in many applications, such as aug-

mented reality [67], terrain estimation [16], mapping [78], navigation [79], scene segmentation

[40], object recognition [35] and 3D reconstruction [8]. Stereo matching algorithms estimate the

depth of a scene by finding corresponding points between two views [66], [8]. The algorithms

usually assume that the images are rectified, which reduces the stereo correspondence problem

to a 1-D search problem, where matching pixels lie along the horizontal scan-line of the rectified

images. A dense stereo matching algorithm produces a complete disparity map by estimating

individual disparity for every image point of the rectified stereo pair, which is used to retrieve the

depth information.

The rest of the chapter is organised as follows. We discuss the imaging geometry along

with the camera parameters in Section 2.2. As the pixel matching occurs in the disparity space,

we analyse the geometric properties of the disparity space in Section 2.3. The stereo matching

problem is introduced in Section 2.4. Section 2.5 presents state of the art dense local stereo

matching models. We introduce the PatchMatch stereo framework and its limitations in Section

2.6 and Section 2.7, respectively. Finally, Section 2.8 concludes the review and outlines future

directions. In addition, some concepts on two-view geometry are discussed in the Appendix A.

14
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2.2 Imaging geometry

A digital image is a two dimensional intensity array consisting one or more channels [58, 50],

e.g., in a grayscale image there is only one channel but for a colour image, we have three channels,

red (R), green (G), and blue (B).

2.2.1 Projective transformation

A homography is a projective transformation that maps points from one plane to another plane

(e.g., a transformation that maps points on a planar surface in the world to the image plane) [33,

84]. Fig. 2.1 illustrates the geometry involved in this process.

A 2D homography is represented by a 3×3 homogeneous matrix H, which relates any point

p̄ (in homogeneous coordinates App. A.1.1) on a plane πππ to its corresponding point p̄′′′ lying on

a different plane πππ ′′′.

p̄′′′ = Hp̄′′′.

The homography has 8 degrees of freedom (9 entries in the H matrix, but the common scale

factor is not relevant). Hence, to determine the homography, we require 4 pairs of corresponding

points (two coordinates per point). It is important that no 3 points are collinear, in order for the

solutions to be well-defined in general.

Figure 2.1: Central projection maps points on one plane to points on another plane. The projec-
tion also maps lines to lines, which can be seen by considering a plane through the projection
centre that intersects with the two planes πππ and πππ ′′′. Since lines are mapped to lines, the central
projection is a projectivity and is represented by a homography H, where p̄′′′ = Hp̄ [33].
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Figure 2.2: Frontal pinhole imaging model. Image point p̃ is the projection of the scene point
P on the image plane at a distance f from the optical centre OC. The image point is registered
where the ray passing through OC and P intersects the image plane.

2.2.2 Pin-hole camera model

For simplicity, let us assume the camera coordinate system is aligned with the world coordinate

system, with the optical centre OC as the common origin. When the aperture of a lens decreases

to zero, then all the rays are forced to go through the optical centre OC. Consequently, the only

points that contribute to the irradiance at the image point p̃ lie on the line through OC and p̃. Let

P = (X ,Y,Z)T (in camera coordinates, App. A.1) be a scene point that is mapped to p̃ = (x̃, ỹ)T

(in image coordinates), relative to a reference frame centred at the optical center OC, with its Z-

axis being the optical axis [58]. The relation that maps the point P in the physical world to a

point p̃ in the image plane is called a projective transformation [11]. Let f be the focal length

of the lens, which is measured in metric units (usually millimetre). Then it is immediate to see

from similar triangles in Fig. 2.2, that P and its image point p̃ are related by the so-called ideal

perspective projection.

x̃ = f
X
Z
, ỹ = f

Y
Z
, (2.1)

which is a mapping from 3D to 2D and is defined as p̃ = πππP.

2.2.3 Camera parameters

The pin-hole camera model in Eq. 2.1 is highly specified to a very particular choice of reference

frame, the ‘canonical retinal frame’, centred at the optical centre with one axis aligned with the
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Figure 2.3: Transformation from image coordinates to pixel coordinates

optical axis. In practice, when an image is captured, the measurements are obtained in terms of

pixels (x,y)T (in pixel coordinates, App. A.1) with the origin of the pixel coordinates frame typ-

ically in the upper left corner. To reuse the model in Eq. 2.1, we need to specify the relationship

between the retinal plane coordinate frame and the pixel arrays [58]. For this transformation, we

first need to specify the units along the x and y axes. In general, p̃ = (x̃, ỹ)T is specified in terms

of metric units (e.g., millimetres). We now need to find a correspondence that maps p̃ to pixel

unit, which depends on the size of the pixel (in metric units) along the x and y axis. Let sx and sy

denote the size of pixels per metric unit along the x and y axis, respectively, as shown in Fig. 2.3.

The transformation can be defined by the following scaling matrix [58] :

p̄s =

xs

ys

=

sx 0

0 sy

 p̃ =

sx 0

0 sy


x̃

ỹ

 ,
where, p̄s is the pixel coordinates of p̃ centered at the principal point OI (where the z− axis

intersects the image plane). When sx = sy, the pixels are square, otherwise rectangular. However,

xs and ys are still specified relative to OI (in pixel coordinate), whereas the origin of the pixel

coordinate system is conventionally specified relative to the upper-left corner, and is indicated

by positive numbers. We translate the origin of the reference frame to the upper-left corner as



Chapter 2: State of the art 18

shown in Fig. 2.3 by the following transformation.

x = xs +ox,

y = ys +oy,

where, p̄ = (x,y)T are the pixel coordinates of p̄s and OI = (ox,oy)
T are the pixel coordinates of

the principal point OI relative to the image reference frame. The actual coordinates of the scene

point P = (X ,Y,Z)T are given by the pixel coordinates p̄ = (x,y)T instead of the ideal image co-

ordinates p̃ = (x̃, ỹ)T.

The above steps of image transformation can be nicely expressed in a homogeneous representa-

tion as the following :

p̄ =


x

y

1

=


1 0 ox

0 1 oy

0 0 1




sx 0 0

0 sy 0

0 0 1




x̃

ỹ

1

=


sx 0 ox

0 sy oy

0 0 1




x̃

ỹ

1


Combining the projection model in eq. 2.1 with scaling and translation yields a more realistic

model of a transformation between P and p̄ in homogeneous coordinates.


x

y

1

=
1
λ


1 0 ox

0 1 oy

0 0 1




sx 0 0

0 sy 0

0 0 1




f 0 0

0 f 0

0 0 1




1 0 0 0

0 1 0 0

0 0 1 0





X

Y

Z

1


,

where λ is a scale factor. Multiplication of the first three matrices give an upper triangular matrix

(3×3), which is called the camera intrinsic, or the calibration matrix and is denoted by K.

K =


1 0 ox

0 1 oy

0 0 1




sx 0 0

0 sy 0

0 0 1




f 0 0

0 f 0

0 0 1

=


f sx 0 ox

0 f sy oy

0 0 1

 (2.2)

In cases where the world coordinates do not merge with the camera coordinates, apart from the

camera intrinsic K, the geometric relationship between P and p̄ also depends on a rigid body

motion (R, t), where R is a rotation matrix (3×3) and t is a three dimensional translation vector
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(3×1). The camera extrinsic E is defined as follow:

E =

 R t

0T 1

 , (2.3)

where 0 = (0,0,0)T. The overall model for image formation can be captured by the following

transformation.

p̄ =
1
Z

K [ I | 0 ] E P. (2.4)

2.2.4 Camera calibration

Camera calibration is a necessary step in 3D computer vision to extract metric information from

2D images and correspondences. Camera calibration determines the parameters of the transfor-

mation between an object in 3D space and the 2D image observed by the camera from images.

The transformation includes camera intrinsic K and extrinsic E. There are five parameters in the

intrinsic matrix. The rotation matrix R consists of 9 elements but only has 3 degrees of freedom

(3 angles). The translation vector t has also 3 parameters making a total of six parameters for the

extrinsic matrix.

Apart from the intrinsic and extrinsic parameters of the camera, we also finds the radial and

tangential lens distortion coefficients (App. A.2). We use a regular chessboard pattern to calibrate

the camera. The black and white alternative pattern ensures that there is no bias towards any sides

during measurement [11]. It takes in the chessboard image and the size of the pattern (internal

corners along with width and height) to calculate the camera parameters [95].

2.2.5 Rectification

In stereo vision, two cameras are used to get a pair of images from different viewpoints. The rec-

tification process reprojects the two non-coplanar image planes onto a common plane parallel to

the line between the optical centres. The process resamples the stereo pair such that all epipolar

lines (App. A.2.1) are horizontal and the pixel motion is constrained to horizontal motion only

(corresponding points have identical y-coordinate). The transformation is based on a homog-

raphy transformation computed from the fundamental matrix (App. A.2.1). We fix one image

plane, and the rectification process determines a transformation of the other image plane such that

pairs of epipolar lines become collinear and parallel to the axes of the fixed image plane. Since
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many projective transformations can achieve this, a typical rectification method attempts to find

a pair of transformation that undergoes minimal image distortion. The important advantage of

rectification is that it reduces the stereo correspondence problem to a 1-D search problem along

the horizontal scan line of the rectified images. As most stereo matching algorithms assume that

the images are taken from a parallel stereo rig, image rectification is often performed before the

stereo matching method.

2.2.6 Stereo pairs

We take advantage of the static scene and use only one camera to capture the scene from two

substantially overlapping but different viewpoints. The camera intrinsic and the lens distortion

parameters (App. A.2) remain the same for the image pair. We first find out the camera intrin-

sics and the lens distortion coefficients using a regular chequerboard method. Using the lens

distortion coefficients, both images are then undistorted. Later, the undistorted image pairs and

the camera intrinsics are passed to an OpenCV [45] routine where it uses scale-invariant fea-

ture transform (SIFT) [56] algorithm to detect some matching points. It further uses epipolar

constraints to discard the outliers. Based on the refined matching points, it then calculates the

extrinsic parameters. Once both parameters are known, we rectify the images using Bouguet’s

algorithm [10] in OpenCV.

2.3 Disparity space

Consider a rectified stereo rig, i.e. epipolar lines are parallel to the x-axis. There is no loss of

generality as once the epipolar geometry (App. A.2.1) is known, we can rectify the images from

the stereo rig [33]. We also assume that both cameras have the same camera intrinsic. Let f be

the focal length, (ox,oy)
T be the principal point coordinates associated with the stereo rig in pixel

coordinates and B be the baseline of the stereo rig. Let p̄ = (x,y)T and p̄′′′ = (x′′′,y′′′)T be the two

corresponding points (in pixel coordinates) of a 3D point P = (X ,Y,Z)T (in world coordinates,

App. A.1) in a rectified image pair. Since the corresponding image points must lie on the epipolar

lines, we get the following relation: x′′′ = x−d

y′′′ = y

where d (in pixels) is defined as the disparity of p̄ [85].
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Figure 2.4: Euclidean reconstruction and motion of a cube vs. reconstruction and motion in the
disparity space. Figure reproduced from [18].

In homogeneous coordinates (App. A.1.1), using eq. 2.2.3 and incorporating eq. 1.2, we can

write,



x

y

d

1


=

1
Z



1 0 0 ox

0 1 0 oy

0 0 1 0

0 0 0 1





sx 0 0 0

0 sy 0 0

0 0 sx 0

0 0 0 1





f 0 0 0

0 f 0 0

0 0 B f 0

0 0 0 1





1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0





X

Y

Z

1


which simplifies to,



x

y

d

1


=' ΓΓΓ



X

Y

Z

1


, where ΓΓΓ =



f sx 0 ox 0

0 f sy oy 0

0 0 0 B f sx

0 0 1 0


. (2.5)

The 3D space generated by (x,y,d) is called the disparity space D . The projective transforma-

tion ΓΓΓ between the world coordinates (X ,Y,Z,1)T ∈ S in the 3D Euclidean space and the pixel

coordinates (x,y,d,1)T ∈ D is demonstrated by eq. 2.5. Therefore (x,y,d,1)T is a projective

reconstruction of the scene. Hence the disparity space is a projective space [18].
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2.3.1 Rigid transformation in disparity space

The rigid transformation that maps two reconstructions of a rigid moving object in the disparity

space is called d-motion (Fig. 2.4). As disparity images have a well-behaved noise, d-motion

can be used instead of the 3-D Euclidean space for motion estimation.

Let us consider a fixed stereo rig observing a moving point. Let P1 = (X1,Y1,Z1)
T ∈ S and

P2 = (X2,Y2,Z2)
T ∈ S be the respective 3D Euclidean coordinates of the same point before and

after the rigid motion. Let R be the rotation matrix and t be translation vector of this rigid motion.

Let p̄1 = (x1,y1,d1)
T ∈ D and p̄2 = (x2,y2,d2)

T ∈ D be the corresponding pixel coordinates of

P1 and P2 in disparity space respectively. Using homogeneous coordinates we can model this

motion as : P2

1

=

R t

0T 1


P1

1

 (2.6)

From eq. 2.5, we get:

p̄1

1

=
1
Z1

ΓΓΓ

P1

1


p̄2

1

=
1
Z2

ΓΓΓ

P2

1


(2.7)

Replacing (P1,1)
T and (P2,1)

T from eq. 2.7 in eq. 2.6, we get,

Z2ΓΓΓ
−1

p̄2

1

= Z1

R t

0T 1

ΓΓΓ
−1

p̄1

1


p̄2

1

=
Z1

Z2
ΓΓΓ

R t

0T 1

ΓΓΓ
−1

p̄1

1

' ΓΓΓ

R t

0T 1

ΓΓΓ
−1

p̄1

1



Let Hd = ΓΓΓ

R t

0 1

ΓΓΓ
−1. Then

p̄2

1

 ' Hd

p̄1

1

. After simplification, we find Hd has the



Chapter 2: State of the art 23

following matrix

Hd =



r11 +
ox
f sx

r31
sx
sy

r12 +
ox
f sy

r32
1
B t1 + ox

B f sx
t3 −

(
r11 +

ox
f sx

r31

)
ox−

(
sx
sy

r12 +
ox
f sy

r32

)
oy + f sxr13 +oxr33

sy
sx

r21 +
oy
f sx

r31 r22 +
oy
f sy

r32
sy

Bsx
t2 +

oy
B f sx

t3 −
(

sy
sx

r21 +
oy
f sx

r31

)
ox−

(
r22 +

oy
f sy

r32

)
oy + f syr23 +oyr33

0 0 1 0

1
f sx

r31
1

f sy
r32

1
B f sx

t3 − ox
f sx

r31− oy
f sy

r32 + r33



Let us assume the pixels are square. Then sx=sy, and we call it s. Also define α = f s, where α

denotes the focal length in pixel unit. Then Hd can be further simplified as follows :

Hd =



r11 +
ox
α

r31 r12 +
ox
α

r32
1
B t1 + ox

Bα
t3 −

(
r11 +

ox
α

r31
)

ox−
(
r12 +

ox
α

r32
)

oy +αr13 +oxr33

r21 +
oy
α

r31 r22 +
oy
α

r32
1
B t2 +

oy
Bα

t3 −
(
r21 +

oy
α

r31
)

ox−
(
r22 +

oy
α

r32
)

oy +αr23 +oyr33

0 0 1 0

1
α

r31
1
α

r32
1

Bα
t3 − ox

α
r31− oy

α
r32 + r33


(2.8)

We can express the transformation in a more compressed form. Let R1 =

r11 r12

r21 r22

, r =

r13

r23

, s =

r31

r32

, λ = R33, t̄ =

t1

t2

, and µ = t3. Then

R =

R1 r

sT λ

 and t =

 t̄

µ


Let,

T =

1 0 ox
α

0 1 oy
α

 , O =

ox

oy

 , R̄ =

R1

sT

 , R•3 =

 r

λ


Then Hd can be expressed as the following:

Hd =


TR̄ 1

B Tt TR̄O+αTR•3

0 1 0

1
α

sT µ

αB − 1
α

sTO+λ

 (2.9)

The transformation p̄2 = Hdp̄1 is called the d-motion [18].
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2.3.2 Disparity gradient

The stereo vision problem is usually formulated in the disparity space d(x,y), where d is the

positional disparity (measured in pixels) at pixel p̄. Using the left (reference) camera coordinate

system as the world coordinate system, let P be the corresponding scene point of p̄. The depth at

p̄ is Z =
αB

d(x,y)
, where α is the focal length in the pixel unit and B is the baseline of a rectified

stereo pair.

Disparity gradients are used to constrain the surface orientation for stereo correspondence

[55]. To find the relation between the depth gradients (in Euclidean space) and the disparity

gradients (in disparity space), we need to relate the partial derivatives of Z with respect to X and

Y , and the partial derivatives of d with respect to x and y.

The image coordinates x and y are in pixel unit whereas X and Y are in the physical unit.

So
∂x
∂X

and
∂y
∂Y

can be determined by quantisation of the image sensor, which turns out to be

a constant. Let sx and sy denote the size of a pixel in the metric unit along the X and Y axis

respectively. We further assume that the pixels are square. In that case sx = sy = s, which

follows:

∂x
∂X

= sx = s,
∂y
∂Y

= sy = s, α = f s, (2.10)

where f is the focal length in physical unit. The relation between pixel unit and physical unit is

given by eq. 2.10. Next we find the partials ZX and ZY .

ZX =
∂Z
∂X

=
∂

∂X

(
αB
d

)
= αB

∂

∂x

(
1
d

)
∂x
∂X

=−αB
d2

∂d
∂x

∂x
∂X

=−αsxB
d2

∂d
∂x

=−αsB
d2

∂d
∂x

ZY =
∂Z
∂Y

=
∂

∂Y

(
αB
d

)
= αB

∂

∂y

(
1
d

)
∂y
∂Y

=−αB
d2

∂d
∂y

∂y
∂Y

=−
αsyB

d2
∂d
∂y

=−αsB
d2

∂d
∂y

(2.11)

The relation between the depth gradient and the disparity gradient is given by eq. 2.11 [53].

From eq. 2.5 we get :


x

y

d

=


α

X
Z +ox

α
Y
Z +oy

α
B
Z

 (2.12)
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Let p̄ = (x,y,d)T. Taking partial derivatives of each component of p̄ with respect to x we get,

1 =
∂

∂x

(
α

X
Z
+ox

)
=

α

Z
∂X
∂x
− αX

Z2
∂Z
∂x
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f s
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1
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− f sX

Z2
∂Z
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∂X
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=
f
Z
− f X

Z2 ZX =
f
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1− X

Z
ZX

)
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∂x
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Z
+oy
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Similarly, taking partial derivatives of each component of p̄ with respect to y we get, by analogy,

p̄y =


1

0

dy

=− 1
Z


f

ZY

Z
0 0

0 f
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ZY

Z
− 1

Y

)
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0 0 f B
ZY
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


X

Y
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
2.4 The stereo matching problem

Detecting conjugate pixels in a stereo image pair, i.e., for each pixel in the reference image,

finding the corresponding pixel in the search image, is a fundamental problem known as the

stereo matching or correspondence problem. One of the important tasks of a computer vision

system is to determine the depth of a scene point relative to the camera position. Extracting depth

information from a single image is extremely hard. However, given a pair of images acquired by a

synchronised stereo rig, we can extract the depth information using stereo algorithms. The pixel-

by-pixel matching between the images gives us the depth map or the so-called disparity map. For

rectified images, the matching process is reduced to one dimensional where corresponding pixels

lies on a horizontal scan line, as shown in Fig. 2.5. A point p̄ ∈ I may arise from any scene point

on Cp̄ and will appear in the right image I′′′ at any point on the epipolar line l′′′. Stereo matching

algorithms can now be used to find the disparity of each pixel.

Let us consider a rectified stereo image pair I and I′′′ captured from the left (C) and right (C′′′)

cameras respectively, as shown in Fig. 2.6 [8]. In the stereo matching box in Fig. 2.6, we have

put I on top of I′′′ to understand why disparity allows depth reasoning. The background pixel
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Figure 2.5: Geometry of epipolar lines, where C and C′′′ are left and right camera centres respec-
tively. Point p̄ in the left image I may arise from any points on the extended Cp̄ and will appear
in the right image I′′′ at any point on the epipolar line l′′′.

p̄ ∈ I and its matching pixel p̄′′′ ∈ I′′′ are displaced in the horizontal direction due to the different

perspective under which they have been captured. The amount of displacement is the disparity

dp. Observe that the disparity dq of the foreground pixel q̄ ∈ I and its matching pixel q̄′′′ ∈ I′′′ is

larger than dp. This can be easily justified as we have seen in Sec. 1.7.1 that the disparity is

inversely proportional to the distance of the point from the camera. Note that the human brain

also perceives depth using disparity information [73].

After finding the disparity of each pixel, the disparity map is stored as an intensity image

Figure 2.6: Depth reconstruction via stereo matching. Two slightly displaced cameras capture the
scene from two different viewpoints. The stereo matching module finds dense correspondence
between the images and produces a disparity map, which latter reconstructs the 3D view of the
scene.
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where darker pixels encode low disparity value (furthest from the camera), and brighter pixels

encode large disparities (closest to the camera) (Fig. 2.6). The disparity map is sufficient to

reconstruct a metric 3D model of the image, which is the final goal in the shape from stereo

approach.

Stereo matching algorithms must overcome a variety of challenges resulting from scene prop-

erties and image acquisition processes. Challenges related to scene properties include depth

discontinuities and occlusions (see the marked pixel ‘o’ in Fig. 2.6), low-textured areas and

repetitive patterns, reflections and illumination differences. Challenges arising from the image

acquisition process include the effects of quantisation, noise and image blur. General stereo

matching challenges can be found in Fig. 2.7.

Stereo correspondence algorithms can be grouped into those producing sparse output and

those giving dense output. Our work mainly focuses on dense output as contemporary applica-

tions demand dense output. According to disparity assignment to pixels, stereo matching algo-

rithms can be broadly classified as local or global methods [75]. Local methods (area based)

trade accuracy for speed. They are also known as window-based methods as the disparity com-

putation at a given pixel depends only on the intensity values within the support window. Global

methods (energy-based) on the other hand are time-consuming but very accurate. Their goal is

to minimise a global cost function for the whole image combining data and smoothness term.

There are also some methods other than the local and global ones. A comparison of the current

stereo methods can be found on the Middlebury stereo evaluation web-page [76].

Figure 2.7: Stereo matching challenges. (L) Left image, (R) Right image.
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Figure 2.8: Generalized block diagram of a dense local stereo correspondence algorithm [75].

2.4.1 Local methods

Local methods are driven by the compatibility of individual matches, which assign disparities to

pixels according to the information provided by its local, neighbouring pixels. Local methods

are usually fast and produces relatively crude disparity maps.

Most local methods involve four stages for computing the disparity map: matching cost com-

putation, cost aggregation, disparity computation and disparity refinement [75]. A cost function

is used to measure the matching cost, i.e., the apparent dissimilarity across views. Common pixel-

based matching costs are based on the absolute or squared difference of colour values. Since the

colour values may be misleading, image gradients are often combined with the cost function [49].

The disparity is selected by comparing the aggregated matching cost at different disparity values

and using the winner-takes-all (WTA) strategy. Finally, some post-processing is performed to

fill in the occluded pixels and mismatches via a left/right consistency check [75]. Filling the

occluded regions often generates artefacts in the disparity map. To solve this problem, filters

(e.g. weighted median) are applied on the disparity map for smoothing the artefacts [37], [74]. A

general structure of the majority of dense local stereo algorithms is shown in Fig. 2.8. Note that

most local stereo matching algorithm implicitly assumes the standard stereo photo consistency,

which means matching objects have similar colours across the two input views.

2.4.2 Global methods

Global methods assign disparities to pixels depending on information derived from the whole

image [77, 90]. Global methods make explicit piecewise smoothness assumptions and minimise

a global cost function. The extra smoothness assumption helps global methods to produce a

more accurate disparity map compared to local methods, but they often require longer execution

time [66]. Global algorithms define an energy function E(D) that measures the quality of the

disparity map with an explicit smoothness term. The goal is to find the optimum disparity map

D, which minimises E(D). Typically E(D) is the combination of data and smoothness term and
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can be expressed as

E(d) = Edata(d)+λ ·Esmooth(d), (2.13)

where, λ is a user defined regularisation parameter that balances the influence of Edata and

Esmooth. The data term Edata measures colour similarity and is defined as

Edata = ∑
p̄∈I

cost(p̄, p̄−dp̄) , (2.14)

where, I is the left image and dp̄ represents the disparity of p̄. The cost function cost(p̄, q̄)

computes the pixel dissimilarity between p̄ ∈ I and q̄ ∈ I′′′ (e.g., absolute difference of intensity

values), where I′′′ is the right image.

We now focus on the Esmooth term. It is responsible for preferring disparities that are spatially

smooth by assigning a lower energy. Esmooth is defined as

Esmooth = ∑
〈p̄,q̄〉∈N

s(dp̄,dq̄) , (2.15)

where, N denotes all pairs of spatially neighbouring pixels in the left image. It is often referred

as a pairwise term as it is defined on pairs of pixels whereas the data term is referred to as unary

term. The function s(dp̄,dq̄) assigns a penalty if p̄’s disparity is different from that of q̄. For

example in Potts model [70], it is defined as

s(dp̄,dq̄) =

0, if |dp̄−dq̄|< τ,

1, otherwise,
(2.16)

where τ is a user defined threshold.

2.5 Dense local stereo algorithms

We start by describing the simplest possible dense local stereo algorithm. The photo consistency

assumption tells us that corresponding pixels in the left (I) and right (I′′′) image have similar

colours. If the images are rectified, we can also say that the corresponding pixels lie on the

same horizontal scan line. For each pixel p̄ ∈ I, a local method searches along the corresponding

scan line in I′′′. We then select the pixel p̄′′′ ∈ I′′′ whose colour is most similar to p̄. Fig. 2.9d
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(a) Left image (b) Right image

(c) Ground-truth disparity (d) Disparity map from naive local algorithm

Figure 2.9: Disparity results on the Middlebury Tsukuba stereo pair

shows the noisy disparity map of this naive approach. The problem is the high ambiguity of the

data, i.e., the correspondence of a red pixel in Fig. 2.9a has a relatively large candidate set of

red pixels in the right image (Fig. 2.9b). The common approach is to regularise this problem by

imposing a smoothness assumption to cope with this ambiguity [8]. This smoothness assumption

means that the neighbouring spatial pixels are likely to have similar disparities. This assumption

is implemented differently in various stereo algorithms and is also the main difference between

local and global methods [75].

The naive approach can be improved by matching small image areas rather than taking a

single pixel. We use the smoothness assumption by assuming every pixel inside the area has

the same disparity. We refer this small image area as patch or window. Local methods find

the disparity of a pixel by considering a support window (patch) centred at that pixel in the

reference image. The support window is then projected in the search image. Local algorithms

choose disparity that minimises the dissimilarity between the two support windows. Based on

this idea, we can reformulate the corresponding algorithm. For each pixel p̄ ∈ I, we compute its
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disparity as

dp̄ = argmin
dmin≤d≤dmax

∑
q̄∈W(p̄)

cost(q̄, q̄−d) , (2.17)

where, dmin and dmax are parameters defining the minimum and maximum allowed disparity

respectively. W(p̄) denotes a patch centred at p̄. The function cost(p̄, q̄) computes the colour

dissimilarity between p̄ ∈ I and q̄ ∈ I′′′. We write q̄−d to denote the pixel coordinate of q in the

other view by subtracting the disparity d from q̄’s x-coordinate.

2.5.1 Patch size

The projection matrix which transfers the support window in the search image holds the key to

find corresponding pixels in all local stereo algorithms. The fronto-parallel planar model (planes

parallel to the image plane) assumes that all the pixels inside the support window have constant

disparity (that of the centre pixel) [92, 64, 63]. The translation matrix1 between two rectified

images induced by the fronto-parallel plane in the disparity space is given by:

M =



1 0 0 d0

0 1 0 0

0 0 1 0

0 0 0 1


,

where d0 is the disparity of the centre pixel inside the support window. This assumption makes

the patch size |W| an important parameter in any local algorithm that highly influences disparity

accuracy and computational time.

The size needs to be proportional to the image resolution and the viewpoint separation and, in-

versely proportional to the depth of the scene, which is unknown. From a computational point

of view, the algorithm’s runtime complexity is O(N · (dmax− dmin) · |W|), where N is the num-

ber of pixels in the image. Hence larger patch size leads to higher computational run time.

However using sliding window technique [21], [64], the runtime complexity can be reduced to

O(N ·(dmax−dmin)). If we use a small patch, the algorithm will be faster but other problems arise,

such as the patch may not capture enough texture variation to resolve the matching ambiguities.

In particular, the algorithm fails in untextured regions and repetitive image regions. However,

1The translation matrix will be generalized later to incorporate non-fronto-parallel planes.
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Figure 2.10: Edge fattening problem [8]

disparity discontinuities are well preserved as a consequence of small patch size. Large patch

produces a smoother disparity map, but object borders are badly preserved. This is because of

our implicit smoothness assumption, i.e., pixels within the patch have constant disparity. In the

proximity of depth discontinuities, this assumption is broken as the patch captures a mixture of

foreground and background disparities. The disparity of the foreground and background pixels

depends on the lower colour dissimilarity of the patch, which depends on the texture of the object.

In many cases, the foreground’s texture is dominant or both foreground and background regions

contain entirely untextured surfaces, which leads to the well-known edge fattening problem [8]

(Fig. 2.10).

Fusiello et al. [23], Hirschmuller et al. [38] and Veksler [87] proposed the adaptive window

approach where each pixel selects an individual patch size such that the support region of that

pixel remains large enough to capture enough intensity variation but does not overlap a disparity

discontinuity in order to avoid the edge fattening problem. In practice, none of the above methods

has been able to compete with the quality of global methods.

2.5.2 Patch shape

Conventional area-based stereo matching employs a “square window” to measure the similarity

between two patches, which implicitly assumes that the intensity patterns surrounding the cor-

responding points have no deformations between different views. However, in general, the local

intensity patterns deform according to the view and surface orientations. As the surface orien-

tations vary with image regions, the patch must be locally deformed depending on the surface

orientations. Kanade et al. [47] proposed a method that uses the local variation of the inten-

sity and the disparity to employ a statistical disparity distribution within a patch. The method
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searches for a window that produces the estimate of disparity with the least uncertainty for each

pixel of an image: the method controls not only the size but also the shape (rectangle) of the

patch. Hattori et al. [34] proposed an algorithm that estimates the depth and surface orientations

simultaneously. The algorithm locally deforms the patch according to the surface orientation

which is directly recovered from intensity gradients within the patch.

2.5.3 Adaptive support weight

The adaptive support weight [91] was proposed to overcome the edge fattening problem, where

the influence of the pixels inside the patch depends on the colour and spatial similarity with the

centre pixel of the patch. This strategy reduces the edge fattening problem while using a large

patch size.

The adaptive support window [91] assumes that spatially close pixels that are of the same

colour are likely to originate from the same scene object. Hence, they are also likely to share the

same disparity. The key idea is to assign an individual weight to each pixel inside the patch. The

weight function A(p̄, q̄) is defined as

A(p̄, q̄) = exp
{
−
(

color(p̄, q̄)
γc

+
spatial(p̄, q̄)

γs

)}
, (2.18)

where γc and γs are user defined parameters and color(p̄, q̄) computes the colour dissimilarity of

p̄ ∈ I and q̄ ∈ I′′′ as the Euclidean distance between p̄’s and q̄’s colour values in RGB space. The

Figure 2.11: Adaptive support weight approach [91]
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function spatial(p̄, q̄) computes the Euclidean distance between p̄’s and q̄’s pixel coordinates.

A pixel q̄ obtains high weight if it is similar to the centre pixel p̄ in term of colour and spatial

position. Incorporating the weight function in eq. 2.17, we get

dp̄ = argmin
dmin≤d≤dmax

∑
q̄∈W(p̄)

A(p̄, q̄) · cost(q̄, q̄−d) . (2.19)

The adaptive support weight produces a good disparity map (Fig. 2.11). However, it comes with

at the price of considerably increased runtime, which depends on the patch size. Hosni et al.

[41] investigated different strategies for computing the adaptive support weights for local stereo

algorithms.

2.5.4 Cost function

To determine the quality of matching, different algorithms use different measures e.g., absolute

intensity difference (AD), squared intensity difference (SD), normalized cross correlation (NCC).

Scharstein et al. have evaluated various cost functions in [75]. In general costs are aggregated

over a support window which can be square or rectangular, fixed-size or adaptive ones around a

pixel. The cost functions around a pixel p̄ can be expressed as follows:

Sum of Absolute Differences (SAD)

SAD(p̄,d) = ∑
(x,y)∈W(p̄)

|I(x,y)− I′′′(x,y−d)|, (2.20)

Sum of Squared Differences (SSD)

SSD(p̄,d) = ∑
(x,y)∈W(p̄)

(
I(x,y)− I′′′(x,y−d)

)2
, (2.21)

Normalized Cross Correlation (NCC)

NCC(p̄,d) =
∑(x,y)∈W(p̄) I(x,y) · I′′′(x,y−d)√

∑(x,y)∈W(p̄) I2(x,y) ·∑(x,y)∈W(p̄′′′) I′′′2(x,y−d)
, (2.22)

where I(x,y) and I′′′(x,y) are the intensity values at (x,y) pixel location in the left and right image,

|·| denotes the absolute value difference, d is the disparity value under consideration, andW(p̄)

is the support region around p̄.

The simpler algorithms make use of a winner-takes-all (WTA) strategy for selecting the disparity.
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For e.g., when the cost function is SAD, disparity d at p̄ is chosen as follows:

d? = argmin
d

SAD(p̄,d) (2.23)

i.e., for every pixel p̄ and for a constant value of disparity d the minimum cost is selected. In

many cases, the selection of disparity is an iterative process as each pixel’s disparity also depends

on its neighbouring disparity. As a result, we end up with more than one iteration to find the best

disparity. An additional refinement step is frequently used to rule out the outliers, filling the

occluded regions and smoothing out the disparity map.

Apart from these cost functions, many researchers have proposed alternative cost functions

that are more efficient to handle low texture areas and repetitive patterns in an image. De-

Maeztu et al. [17] proposed a dissimilarity measure based on the gradient fields of the images.

Gradient-based cost function produces a superior disparity map because gradient measure is more

robust than the classical intensity based measure. Gu et al. [31] used adaptive support-weight

and rank transform to obtain an initial disparity and added a disparity calibration process to re-

fine the final disparity map. Hosni et al. [42] presented a fast algorithm using adaptive support

weight and guided image filtering that produced disparity maps comparable to global algorithms.

In [62], Min et al. proposed a joint histogram based cost aggregation using per-pixel likelihood

function. Their algorithm reduced the complexity of window-based matching while keeping

a similar accuracy through the reference pixel-independent sampling of the matching window.

Mei et al. [61] proposed the AD-Census algorithm which is a GPU-based stereo matching sys-

tem with a good performance in both accuracy and speed. AD-Census effectively combines the

absolute differences (AD) measure and the census transform which provides a robust measure

for cost aggregation.

SAD and SSD are not robust to photometric changes but extremely fast to compute. On

the contrary, NCC and census transform is robust to photometric changes but computationally

expensive. Gradient-based cost function produces superior disparity map compared to the inten-

sity based cost measures and it is computationally cheap as well. Gradient and intensity based

cost functions are often combined to extend the robustness of cost aggregation. However, none

of them is very successful at handling strong local radiometric changes caused by changing the

location of the light sources.
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(a) Left image and ground truth disparity of the
corridor pair that contains highly slanted surfaces.

(b) Stair-case effect. Disparity map computed
using fronto-parallel windows and integer-valued
disparity.

Figure 2.12: Left image, ground-truth and disparity map [8]

2.5.5 Sub-pixel disparity

Most local algorithms measure the disparity values as integers whereas ideally matching should

be done at continuous sub-pixel disparity values. Using fronto-parallel windows and assuming

integer-valued disparity results in a discontinuity in the disparity values which is known as the

‘stair-case effect’ (Fig. 2.12b). To overcome this problem, we need to use locally continuous

support regions matched at continuous sub-pixel disparity values.

Some local methods obtain the sub-pixel precision by fitting a parabola in the cost volume,

which is often done in the post-processing step. This leads to noisy sub-pixel information as the

scene surface is not always a paraboloid. A better solution is to compute sub-pixel displacements

directly in the matching process. This can be accomplished by extending the label space, i.e.,

some fractional disparities are considered along with the integer-valued disparities [26]. It still

remains a discrete approach and hence increases the runtime. We can cope with the slanted

windows in the same fashion by including a set of slanted windows along with the fronto-parallel

ones [25]. This is known as plane sweeping in literature. As mentioned before, this strategy also

leads to longer run times.

Sinha et al. [80] removed the full search by deriving local plane hypothesis from a sparse

feature correspondence. Local plane sweeps are then performed around each slanted plane to

produce out-of-plane parallax and matching-cost estimates. This has the advantage of handling

highly slanted surfaces without requiring many disparity hypotheses and without any bias to-

wards fronto-parallel orientations. The local plane sweep not only performs sub-pixel registra-

tion, but it also deals with curved surfaces, which a single plane would fail to model.
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Figure 2.13: Occlusion handling. Holes are filled by computing the disparity of the invalid
pixel according to left and right closest valid neighbouring pixel. Let p and q be the closest
left and right points in the disparity space lying on planes πππp and πππq with disparity dp and
dq, respectively. The disparity of the invalid pixel is computed according to the plane πππp and πππq
and the lowest disparity is selected [9].

2.5.6 Occlusion

Local algorithms are unable to handle occlusion directly in the matching process. Typically

occlusions are treated in a post-processing step by left-right consistency check [75]. This requires

computation of the disparity map of the right image along with the left image. Ideally, a matching

pair should have the same disparity magnitude. The left-right consistency check then invalidates

pixels of the left image whose disparity value differs beyond a threshold in the right image. In

the final step, these invalidated pixels are filled by replicating the lowest disparity of spatially

neighbouring valid pixels in the horizontal direction (Fig. 2.13) [74], [44]. Selecting the lower

disparity is motivated by the fact that occlusion occurs in the background. However, this strategy

generates artefacts in the disparity map. To weaken this problem, Hirschmuller [37] proposed a

weighted median filter to smooth the disparity map.

2.6 PatchMatch Stereo

In addition to depth, surface orientation information is important for understanding the scene

geometry. The PatchMatch Stereo (PMS) framework [9] can simultaneously estimate the depth

and the surface orientation at every pixel in an image. Algorithms [36, 5, 24] use the PMS

framework to reconstruct the visible surfaces in the disparity space [75] defined by the pixel

coordinates and the possible disparities.

Fig. 2.14a illustrates the problems of using fronto-parallel planes. The model only works

where the surface segment coincides with the fronto-parallel plane at the whole-valued disparity
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(a) Planar (Fronto-parallel) surface model at integer
disparity.

(b) Planar (slanted) surface model of PMS.

Figure 2.14: Planar surface model in 1D. The blue curve represents a 1D slice of the surface and
the surface models are shown in red. Figure partially reproduced from [9].

(Fig. 2.14a, point p). The smoothness assumption in local methods does not hold in scenarios

where, 1. the support window contains pixels that lie on a different surface than that of the center

pixel, 2. the surface segment lies at a sub-pixel disparity (Fig. 2.14a, point q), 3. the support

window captures a non-fronto-parallel surface, such as a slanted (Fig. 2.14a, point s) or curved

surface (Fig. 2.14a, points r, t, u). The adaptive support weight provides the solution for the first

problem and has already been implemented [42, 74]. For the latter, Gallup et al. [25] presented a

model using slanted planes in disparity space instead of fronto-parallel ones and proposed a real

time multi-view global method generating a sparse disparity map. Bleyer et al. [9] combined

the slanted support and PatchMatch [3] in PMS. PMS overparametrizes the disparity space by

computing individual slated planar surface at each pixel in the disparity space onto which the

support region is projected (Fig. 2.14b). PMS is an iterative algorithm that relies on random

sampling and propagation of good plane parameter estimates. Heise et al. [36] reformulated the

projection matrix of PMS as a linear transformation:

M =



1+a b 0 c

0 1 0 0

0 0 1 0

0 0 0 1


.

The transformation between two rectified images induced by a plane πππ with parameters (a,b,c)

in the disparity space has only three degrees of freedom, where a, b and c regulates the scaling,

shearing and translation, respectively. Fig 2.15 illustrates the change of a support window when

projected to the other view.

The reconstruction is based on associating a slanted plane with each candidate match in the
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(a) Translation (b) Shearing (c) Scaling

Figure 2.15: Illustration of translation, shearing and scaling transformation of the support win-
dow induced by planes in the disparity space. The black patch is the projection of the grey patch
in the other view. Figure reproduced from [36].

disparity space [75], in contrast with methods that evaluate the complete disparity space image,

either explicitly, or by searching over the range of disparities at each pixel. PatchMatch [3] is

extended to overcome this problem by finding an approximate nearest neighbour according to a

plane. The key ideas of the PMS framework are that neighbouring pixels have coherent matches,

and large numbers of random samples will yield some good initial estimates of the plane param-

eters. The framework randomly assigns the plane parameters to each pixel of both images, and

later uses two kinds of propagation scheme; spatial and view to propagate the estimated plane pa-

rameters within and across images, followed by an optimisation scheme called plane refinement.

The spatial propagation propagates the plane parameters among spatial neighbours whereas view

propagation propagates the plane parameters within and across views. Plane parameters are also

locally optimised at individual pixels in the plane refinement step. The PMS framework produces

two separate disparity maps for the stereo pair. Many local methods derive the sub-pixel informa-

tion in the post-processing step by fitting a parabola in the cost volume whereas PMS computes

the sub-pixel information directly from the support plane. As a result, it is more effective to

reconstruct highly slanted and round surfaces (Fig. 2.16). PMS reformulates eq. 2.19 such that

the optimisation is performed over the set of all possible 3D planes as follows,

dp̄ = argmin
f∈F

∑
q̄∈W(p̄)

A(p̄, q̄) · cost(q̄, q̄− (a q̄x +b q̄y + c)) , (2.24)

where, F is the set of all planes in the disparity space and a, b, and c are the three parameters

of the plane f ∈F , q̄x and q̄y are the x and y coordinates of q̄ ∈W(p̄). Hence the approach of

checking all possible labels is no longer valid here.

The basic assumption of PMS is that large regions of an image can be modelled by approx-
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Figure 2.16: Diaparity map using PatchMatch Stereo. The disparity map is much smoother due
to slanted support windows and continuous sub-pixel disparities [8].

imately the same plane. In the initialisation step of the algorithm, each pixel is assigned to a

plane with a random parameter. Because of the random assignment of plane parameters most

initialised planes will be wrong, but the hope is that at least one pixel of a region carries a plane

that is close to the optimal one. This assumption is very likely to hold since we have many

guesses. A single correct guess is sufficient for this algorithm to work as the correct plane is then

propagated to neighbouring pixels. PMS is among the best performing local algorithms when

sub-pixel precision is considered (Middlebury error threshold 0.5).

Besse et al. [5] unified the Particle Belief Propagation (PBP) and PatchMatch and formulated

a global stereo algorithm PMBP. PMBP uses the same unary term as PMS. However, it also has

a smoothness term that measures the deviation between two local planes. Heise et al. [36] pre-

sented an explicit variational smoothness model for PMS using quadratic relaxation [43] and the

same smoothness term used in [5]. Li et al. [54] also proposed a PatchMatch based superpixel cut

(PMSC) algorithm to assign the plane parameters at each pixel. PMSC uses a bilayer matching

cost for 3D labels (plane parameters) by combining CNN-based and PatchMatch based similarity

measurements on the superpixel proposals and later optimise directly the pixel grid MRF energy

with 3D labels using α-expansion graph cut. State of the art stereo methods using planar support

are summarised in Table 2.1.

Li and Zucker [53] presented a general surface model which fits curved surfaces at each pixel

in the scene space. The scene space was used because the disparity space has numerical sensi-
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Table 2.1: Comparison of stereo matching algorithms using surfaces in disparity space.

Type Algorithm
Cost function Adaptive support weight

Smoothness Disparity model No. of iterations
Intensity Gradient Reference image weight Search image weight

Global
Gallup et al. [25] X X planar –

PMBP [5] X X X X planar 3
PM-Huber [36] X X X X planar 3

PMSC [54] X X X X planar 5

Local
PMS [9] X X X planar 3

IPMS (proposed) [1] X X X X planar 2
QPMS (proposed) X X X X quadric 3

tivity problems with higher order derivatives. The planar model can be regarded as a particular

case of this general model which works in the disparity space. Planar models deal with only

first-order derivatives, so slanted planar surfaces are stable in the disparity space.

2.7 Limitations of the PMS framework

The basic PMS framework has six limitations. First, its initialisation process does not guarantee

the association of a geometrically feasible plane at each pixel, as it randomly selects the plane

parameters for each pixel in both reference and search images. Second, the plane refinement

process uses a variant of the Luus-Jaakola optimisation [57] to minimise the cost function, which

is inefficient to find a local minimum of the given cost function. Third, the framework assumes

that the stereo images are perfectly rectified which is not the case for typical stereo pairs. Fourth,

it generates false matches in low textured areas [32]. The model also fails to smoothly reconstruct

curved surfaces in the disparity space as the framework is based on a planar model. Finally,

the planar disparity model does not provide the curvature information of the associated surface,

which is useful to understand the local surface structure.

2.8 Summary

In this chapter, we have reviewed the necessary concepts of stereo vision. Camera parameters

help to extract metric information from 2D images and correspondences. As stereo matching

produces a disparity map, we also discussed the geometric features of the disparity space. Al-

though local algorithms have recently become very popular, they are still not capable of handling

large untextured regions. They operate on windows that are displaced in the right image to find

the matching point of lowest colour dissimilarity in the left image. The implicit assumption

that every pixel within a patch has constant disparity breaks at scenarios where the pixel lies on

the slant or curved surface and also at the disparity borders leading to edge fattening problem.

Adaptive weight can solve the edge fattening problem but increases the runtime. Typically oc-
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clusions are treated in a post-processing step by left-right consistency check. We also reviewed

state-of-the-art dense local stereo matching algorithms to find out recent advancements and re-

maining challenges. We then focused on the PMS framework which uses slanted planes in the

disparity space to model the scene surface. Finally, some limitations of the PMS framework were

identified, which will be addressed in the following chapters.
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Constrained Optimisation for Plane-Based Stereo

3.1 Introduction

The PatchMatch Stereo (PMS) framework [9] can simultaneously estimate the depth and the

surface orientation at every pixel in an image. Algorithms [36, 5, 24] use the PMS framework to

reconstruct the visible surfaces in the disparity space (Sec. 2.3) defined by the pixel coordinates

and the possible disparities. The reconstruction is based on associating a slanted plane with

each candidate match, in contrast with methods that evaluate the complete disparity space image,

either explicitly, or by searching over the range of disparities at each pixel (Sec. 2.6).

In this work, we present a constrained initialisation scheme that works with any algorithm that

can be cast in the PMS framework. We introduce two new constraints to restrict the initialisation

scheme by generating only geometrically feasible planes such that the disparity of every pixel

inside a patch must lie between the maximum and minimum allowed disparity. The proposed

constraints are also imposed during the optimisation process. For the plane refinement problem,

the usual PMS cost function cannot be minimised by standard gradient descent methods due to the

presence of discontinuous thresholds in the pixel dissimilarity function [9]. We avoid this prob-

lem by using the “Bound Optimisation BY Quadratic Approximation” (BOBYQA) algorithm

[71]. BOBYQA is a gradient-free non-linear trust region based constrained optimiser [93] which

uses our geometric constraints to ensure that the plane parameters remain feasible. Moreover,

we relax the view propagation (Sec. 2.6) by assigning the plane parameters to the immediate 4-

neighbours (left, right, upper and lower) of the candidate pixel to tackle the imperfectly rectified

43
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image pairs. More generally, this strategy is useful because most plane parameters are incorrect

in the earlier propagations. To make the cost function more robust to false matches in occluded

regions, we change the support weight function so that it considers both search and reference

image weights. We finally update the pixel dissimilarity function from the truncated sum of

absolute colour difference (TSAD) to the truncated sum of square difference (TSSD), which is

more compatible with BOBYQA.

The rest of the chapter is organised as follows. The general framework is proposed in Sec-

tion 3.2. We introduce our constrained initialisation in Section 3.3 and the constrained optimi-

sation in Section 3.4. Section 3.5 provides information on the experimental set-up, parameters

used and the results. We discuss some disparity results of the sand images in Section 3.6. Fi-

nally, conclusions are drawn in Section 3.7.

3.2 General framework

Here we formulate a general setting for PMS, as well as for our contributions in Section 3.3 and

3.4. We begin by defining the relationships between planes in disparity space. We also present

modifications to the cost function and the propagation procedure in Section 3.2.2 and 3.2.3.

3.2.1 Point-normal plane representation in disparity space

To find corresponding pixels, PMS starts with a rectified colour stereo pair, comprising I and

I′′′, where I is the reference image and I′′′ is the search image (which will be exchanged during

the course of the algorithm). Let S be the visible surface. Let p̄ and p̄′′′ be corresponding pixels

projected from a scene point P ∈ S to the image plane I and I′′′, respectively (Fig. 3.1). Let ñ be

the outward unit surface normal of the plane f̃ in the scene space containing P. We can find the

depth of P provided the plane f̃ is known, i.e., both P and ñ are known. As disparity is inversely

proportional to depth, disparity can also be found by the analogous plane representation of f̃ in

the disparity space. Note that the real world planes are related to the disparity space planes by a

projective transformation [53].

Let p̄ = (x,y)T ∈ I and p̄′′′ = (x′′′,y)T ∈ I′′′ . As I and I′′′ are rectified and p̄ and p̄′′′ are

matching pixels, p̄ and p̄′′′ have the same y coordinate and the same disparity magnitude d.

Then p = (x,y,d)T ∈ D and p′′′ = (x′′′,y,d)T ∈ D′′′ are two different projective transformations

of P [36], where D and D′′′ denote the disparity spaces (Sec. 2.3) generated by the refer-
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Figure 3.1: Pinhole camera model. Image points p̄ and p̄′′′ are the projections of a scene point
P ∈ S on the reference image I and the search image I′′′ from two different views obtained by the
left camera C and the right camera C′′′ respectively, where S is the visible surface. The baseline
distance between C and C′′′ is B. The scene point P is at a distance Z from B. The plane f̃ at P has
a unit surface normal ñ in the outwards direction. Our objective is to find Z and ñ from the plane
f̃.

ence and search image pixels, respectively. We have used different notations for the disparity

spaces to highlight the projective transformations of P generating from two different views. As

p̄ ∈ I, x′′′ = x−d, otherwise x′′′ = x+d. The relation between p and p′′′ in the disparity space is:

p′′′ = Mp, where M =


1 0 −1

0 1 0

0 0 1

 . (3.1)

Disparity spaces D and D′′′ will differ due to the visibility effects. i.e., eq. 3.1 is not true for all

points in practice. Using the projective transformations of P, the scene surface normals can be

found via the surface normals in the disparity space.

A plane f in the disparity space is defined by a point p and a surface normal n at p (Fig. 3.2).

When p and n are known, f can be represented by three plane parameters f := (a,b,c)T. The

disparity d of p̄ with respect to the plane f is given by:

d = ax+by+ c . (3.2)
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Figure 3.2: Representation of a plane in the disparity space. Point p is the corresponding point
in the disparity space D of an image point p̄ with disparity d. The plane f at p has a unit surface
normal n in the outward direction. The plane πππ = (n,−t) is the point-normal representation on
f, where t is the projection of op on n. The value of t can be positive or negative depending on
the orientation of f.

Therefore, disparity is over parametrized1 by the plane parameters of f. If (a,b,c)T is known, we

can find the disparity δ of any pixel (ξ ,η)T with respect to the plane f. The disparity δ is given

by

δ = aξ +bη + c .

To find boundary constraints on the disparity and the surface normal, our proposed method,

Initialised PatchMatch Stereo (IPMS), works with the point-normal parametrisation of planes

(Fig. 3.2); unlike PMS which directly uses the plane parameters.

Let n = (u,v,w)T be the unit surface normal at p (Fig. 3.2). In homogeneous coordinates, the

plane passing though p with normal n can be defined as

πππ := (n,−t) · (x,1) = 0, where t = n ·p .

Geometrically, t defines the perpendicular distance of the plane πππ from the origin. The value

of t can be positive or negative depending on the orientation of πππ . We use the notation f and πππ

when the plane is parametrised by plane parameters and point-normal, respectively. The relation

1Disparity is single valued function, which is estimated here by three parameters.
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between the plane parameters f := (a,b,c)T and the unit normal n = (u,v,w)T at p is:


a

b

c

=
1
w


−u

−v

t

 , n =
1√

1+a2 +b2


−a

−b

1

 .

3.2.2 Cost function

The performance of a stereo matching algorithm depends on matching cost for measuring the

similarity of an image region across views [39]. The intensities of a matching region can differ

because of certain radiometric changes and/or noise. Therefore, a matching cost function has to

be robust to such variations. We use a pixel-based matching cost function (Sec. 2.5.4) along with

adaptive support weight (Sec. 2.5.3).

Let p be a point in the disparity space which corresponds to an image point p̄. Let Π be

the set of all candidate planes passing through p, we want to find a plane πππ that minimises the

aggregated matching cost:

πππ = argmin
ωωω∈Π

cost
(
p̄,ωωω

)
.

The aggregated cost (Sec. 2.5.4) of p̄ according to πππ is computed as

cost(p̄,S ) =

∑
q̄∈W(p̄)

∑
q̄′′′∈W(p̄′′′)

A
(
p̄, q̄
)
·A
(
p̄′′′, q̄′′′

)
·E
(
q̄, q̄′′′

)
∑

q̄∈W(p̄)
∑

q̄′′′∈W(p̄′′′)
A
(
p̄, q̄
)
·A
(
p̄′′′, q̄′′′

) , (3.3)

whereW(p̄) denotes a square patch centred at p̄, p̄′′′ denotes the matching pixel of p̄ with respect

to πππ andW(p̄′′′) denotes the projection ofW(p̄) with respect to πππ . Point q̄′′′ is the matching point

of q̄ in the other view with respect to the plane πππ . Let q̄ = (x,y)T ∈ I. The disparity d of q̄ is

given by eq. 3.2. Then q̄′′′ = (x−d,y)T. If q̄ ∈ I′′′, then q̄′′′ = (x+d,y)T.

The weight function A(p̄, q̄) in eq. 3.3 is used to overcome the edge fattening problem. It

implements the adaptive support weight (Sec. 2.5.3) [91] by computing the affinity for p̄ and q̄

(lying on the same plane), from the associated colour and spatial distances:

A(p̄, q̄) = exp
(
−

∆cp̄q̄

γc

)
exp
(
−

∆gp̄q̄

γg

)
, (3.4)

where ∆cp̄q̄ measures the colour similarity and ∆gp̄q̄ denotes the geometric proximity between

q̄ and the center pixel p̄ of W(p̄). The user-defined parameters γc and γg are scale parameters
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and their values are discussed in Section 3.5. The colour similarity term ∆cp̄q̄ between p̄ and q̄ is

defined as:

∆cp̄q̄ = ||Ip̄− Iq̄|| ,

where ||Ip̄− Iq̄|| computes the Euclidean distance of the colours of p̄ and q̄ in the CIELAB space,

which approximates the perception of colour [91]. The geometric proximity term ∆gp̄q̄ is defined

as the Euclidean distance between the coordinates of p̄ and q̄:

∆gp̄q̄ = ||p̄− q̄|| .

The performance of a local stereo method depends to a large extent on the support weights that

are used in the aggregation step [41]. It has also been shown in [41] that the adaptive support

weight proposed in [91] works best in all considered scenarios including occluded regions [9].

The support weight A(p̄′′′, q̄′′′) in the other view is also computed similarly.

The error function E(q̄, q̄′′′) is defined as the pixel dissimilarity between q̄ and q̄′′′:

E
(
q̄, q̄′′′

)
= (1−α) ·min

(
||Iq̄, Iq̄′′′ ||2,τcol

)
+α ·min

(
|∇Iq̄−∇Iq̄′′′ |,τgrad

)
, (3.5)

where ||Iq̄, Iq̄′′′ ||2 denotes the sum of squared distance (SSD) of q̄ and q̄′′′ in RGB space and

|∇Iq̄−∇Iq̄′′′ | denotes the absolute difference of grey-value gradients computed at q̄ and q̄′′′. Since

the x-coordinate of q̄′′′ lies in the continuous domain, we derive its colour and gradient values

by linear interpolation. The user-defined parameter α balances the influence of the colour and

gradient terms. Other user-defined parameters τcol and τgrad are thresholds that truncate costs for

robustness in occluded regions. Their values are discussed in Section 3.5.

We updated the colour similarity term of PMS to Truncated Sum of Squared intensity Differ-

ences (TSSD). Sum of Absolute intensity Differences (SAD) is more robust to noise and outliers

than SSD, in the sense that the influence function2 is bounded [7]. However, both Truncated Sum

of Absolute intensity Differences (TSAD) and TSSD are robust, as their influence functions are

zero beyond the outlier threshold. Because of the sharp nature of SAD around the origin, SAD

tends to lock on to a small number of very good matches in [9], which are then propagated. How-

ever, the smooth nature of SSD helps BOBYQA to improve the good matches more effectively

than the original Luus-Jaakola scheme, as discussed in Section 3.4. Additionally, when the noise

2An influence function shows the effect of a change in one observation on an estimator.
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Figure 3.3: Initialised PatchMatch Stereo (IPMS) flowchart. Input I and I′′′ are the rectified ref-
erence and search images, respectively. Left and right disparity spaces D and D′′′ are generated
by selecting disparities d and d′′′ from the disparity constraints for every pixel in I and I′′′, respec-
tively. The surface normals n and n′′′ are selected from the normal constraints, which are used
along with the point in the disparity space to generate the planes πππ and πππ ′′′ for every pixel in I and
I′′′, respectively. The total number of iterations is a user defined parameter τ, while the iteration
number is denoted by i. After each operation, the updated planes are represented by πππ j and πππ ′′′j.
IPMS converges in two iterations in contrast to PMS, which takes three. After the post processing
the final plane parameters for the left and right image are denoted by πππL and πππR, respectively.

is Gaussian [6], SSD is optimal for a maximum-likelihood estimate, in the neighbourhood of a

true match [48]. Experimental results in Fig. 8 also support this claim.

3.2.3 Matching strategy

To assign the disparity at each pixel of I and I′′′, we need to find a plane that minimises cost(p̄,S ).

IPMS follows the same framework of PMS with modifications highlighted in bold in Fig. 3.3. We

now discuss the three stages of the algorithm.
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Initialisation

We use a uniform distribution U that randomly assigns the disparities of each pixel in I and I′′′

between the minimum allowed disparity, dmin, and the maximum allowed disparity, dmax:

d ∼ U(dmin,dmax) . (3.6)

The initialisation process hypothesis the left (D) and right (D′′′) disparity spaces. Then, we assign

a unit normal at each pixel of I and I′′′ to find the plane parameters as discussed in Section 3.3.

We use the same initialisation process at each pixel of both images.

(a)

(b) (c)

Figure 3.4: Spatial propagation. (a) Image point q̄ is a spatial neighbour of p̄. Points p and q
are corresponding points of p̄ and q̄ in the disparity space lying on the plane πππ and π̃ππ with unit
normal n and ñ, and disparity d and d̂, respectively. Image point p̄ corresponds to a new point
p∗ in the disparity space with respect to π̃ππ . In spatial propagation we aggregate the cost of the
patch W(p̄) centred at p̄ with respect to πππ and π̃ππ if the new disparity d* of p̄ with respect to
π̃ππ is between dmax and dmin. We update the plane of p to π̃ππ if the aggregated cost gets reduced
by π̃ππ . (b) and (c) show the direction of spatial propagation for odd and even iterations. The
four immediate neighbours of p̄ are denoted by p̄`, p̄r, p̄u, p̄d (left, right, upper and lower). In
even iterations we consider the left and upper neighbours as spatial neighbours, whereas in odd
iterations the right and lower neighbours are verified.
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Figure 3.5: Change of plane normals in view propagation. Image points p̄ ∈ I and p̄′′′ ∈ I′′′ are
two matching points. Points p and p′′′ are corresponding points of p̄ and p̄′′′ in the disparity space
lying on the plane πππ and πππ ′′′ with disparity d, and surface normal n and n′′′, respectively. Let q̄ be
a neighbouring point of p̄ and q̄′′′ be the matching pixel of q̄ in the other view. By transforming
the plane normals in the other view, we can show that the disparity d̂ of q̄ and q̄′′′ are equal with
respect to πππ and πππ ′′′, respectively. In the figure, q and q′′′ are corresponding points of q̄ of q̄′′′ in
the disparity space with respect to πππ and πππ ′′′.

Propagation

We use the PMS iterative scheme to propagate the plane parameters in two different directions

considering both views. In every iteration, each pixel runs through three independent stages:

spatial propagation, view propagation, and plane refinement. We use the same spatial propaga-

tion approach as mentioned in PMS (Fig. 3.4). As for view propagation , we exploit the strong

coherency that exists between left and right disparity maps so that a pixel and its matching pixel

in the other view have the same disparity. However, the surface normals in the disparity space

change across views due to different view points. Let n′′′ be the unit normal of the plane πππ ′′′ at

p′′′ ∈ D′′′. The relation between n and n′′′ (eq. A.1) is:

n′′′ =
M−Tn
||M−Tn||

, (3.7)

where ||·|| denotes the L2 norm and M is defined in eq. 3.1.

In view propagation, we check all pixels of the second view that are matched to our cur-

rent pixel according to their plane, and assign the plane parameters to the current pixel if the

transformed plane in the first view reduces the cost.

Let {r̄′′′, s̄′′′} be two possible matching points of p̄ in the other view. Let r and s be corre-

sponding points of r̄′′′ and s̄′′′ in the disparity space lying on the planes πππr and πππs with disparity

dr and ds, and surface normals nr and ns, respectively. Theoretically, matching points should

have the same disparity magnitude with different unit normals, depending on which disparity

space the normals are residing. We transfer the normals nr and ns to the other view by eq. 3.7.
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Figure 3.6: View propagation. Let {r̄′′′, s̄′′′} ∈ I′′′ are two possible matching points of p̄ ∈ I. Points
p, r and s are corresponding points of p̄, r̄′′′, s̄′′′ in the disparity space lying on the plane πππ , πππr
and πππs with disparity d, dr and ds, and surface normal n, nr and ns, respectively. We transfer
the normal and disparity of r̄′′′ and s̄′′′ to p̄ and find the new plane parameters. If the new plane
parameters minimise the aggregated cost of the patch W(p̄) centred at p̄, we update the plane
parameters of p̄ with the new one.

Let n′r and n′s be the transformed unit normals of nr and ns, and πππ ′r and πππ ′s be the their trans-

formed planes respectively (Fig. 3.5). If the new plane parameters minimise the aggregated cost

ofW(p̄) centred at p̄, then we update the plane parameters of p̄ with the new values (Fig. 3.6).

Due to rectification error, corresponding points may be vertically displaced by one or two pixels.

In our modified view propagation, we address this problem by assigning plane parameters to

the immediate neighbours of the candidate pixels. We assign the disparity and the transformed

plane normal of r̄′′′ and s̄′′′ to the four immediate neighbours (left, right, upper, lower) of p̄ and

check whether the new plane parameters reduce the cost. If so, we also update the planes of the

neighbours accordingly.

Finally, in plane refinement, we use a trust region3 based, gradient-free non-linear optimiser

BOBYQA [71] to further refine the plane parameters, as discussed in Section 3.4.

Post-processing

We follow the same post-processing scheme as mentioned in the PMS [9]. Additionally, we apply

a weighted median filter to resulting disparity map to eliminate any isolated mismatches [72].

3.3 Constrained plane initialisation

The disparity range assumption states that the disparity of any pixel inside an image should

lie between the maximum and minimum disparity. The disparity of a pixel within a patch is

3Trust region is a subset of the region defined by the objective function that is approximated using a model
function.
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computed with respect to the plane associated with the centre pixel of the patch. Hence it is

important to assign the plane normals in a suitable way such that they comply with the disparity

range assumption. Heise et al. [36] addressed the initialisation problem by constraining the first

two components of the plane normal equally distributed over a unit circle in the disparity space.

Galliani et al. [24] generated the unit normals evenly over the sphere in the disparity space. Both

of these strategies can generate infeasible planes.

The core idea behind our constrained initialisation is to only assign geometrically feasible

planes to every pixel of both images during initialisation. Furthermore, the plane normal bounds

are maintained later during the plane refinement scheme. There can be no disadvantage with re-

spect to PMS, because infeasible matches should never be propagated. The initialisation scheme

is an integral part of the framework as the rate of convergence depends on the assignment of

correct plane parameters during initialisation. The more viable the plane parameters are esti-

mated, the faster the algorithm converges. The positive effects of the constrained initialisation

are demonstrated during the experiments (Fig. 3.9).

3.3.1 Visibility constraint in the disparity space

When searching for the optimal plane containing a given scene point, we only consider those

planes that are visible from the camera at the scene point [83]. We apply this constraint in the

disparity space. The visibility constraint in the disparity space assumes that the plane in the dis-

parity space is visible from the line of sight vector joining the image point and the corresponding

point in the disparity space (Fig. 3.7). The constraint only considers whether the centre point

of the patch and its corresponding point in the other view is visible from individual cameras.

Due to various patch orientations, there may be cases where the patch is partially visible from

the other camera. This issue is taken care by the truncation parameters in the cost function (eq.

3.3). This visibility constraint is only a necessary constraint that differs from the general vis-

ibility constraint that checks whether the surface points are truly visible in two views without

occlusion.

If p̄=(ξ ,η)∈ I with disparity δ , then the matching pixel in the other view is p̄′′′=(ξ −δ ,η)T ∈

I′′′ (Fig. 3.7). The corresponding points of p̄ and p̄′′′ in the disparity space are p = (ξ ,η ,δ )T ∈ D

and p′′′ = (ξ −δ ,η ,δ )T ∈ D′′′, respectively. The unit surface normal in I′′′ is given by eq. 3.7.

In the left camera coordinate system, the line of sight vector of n at p with respect to p̄ is

`̀̀ = (0,0,δ )T. Similarly, in the right camera coordinate system, the line of sight vector of n′′′ at
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Figure 3.7: Surface normal constraints. Image points p̄ and p̄′′′ are matching pixels with disparity
d lying on the reference image I and the search image I′′′, respectively. The matching pixels p̄ and
p̄′′′ correspond to p ∈D and p′′′ ∈D′′′, where D and D′′′ represent the disparity spaces generated by
I and I′′′, respectively. Points p and p′′′ lie on the plane πππ and πππ ′′′ with unit surface normal n and n′′′
in the outward direction, respectively. A rectangular patch centred at p̄ is denoted byW(p̄). The
patchW(p̄′′′) is the projection ofW(p̄) with respect to πππ . The vector joining p and p̄ is defined
as the line of sight vector `̀̀ with respect to the left camera coordinate system. Similarly, `̀̀′′′ is
the line of sight vector joining p′′′ and p̄′′′ with respect to the right camera coordinate system. The
visibility constraint in the disparity space assumes πππ is visible from `̀̀ and πππ ′′′ is visible from `̀̀′′′.
The disparity bound constraint on support window assumes the disparity of all the pixels inside
W(p̄) with respect to πππ is between dmin and dmax.

p′′′ with respect to p̄′′′ is `̀̀′′′ = (0,0,δ )T. Planes πππ and πππ ′′′ are visible from `̀̀ and `̀̀′′′, respectively, if

n · `̀̀ > 0 and n′′′ · `̀̀′′′ > 0 . (3.8)

Substituting n and n′′′ by their corresponding normal components u, v and w in inequality 3.8 we

get

w > 0 and u >−w . (3.9)

If p̄ ∈ I′′′, then its matching pixel p̄′′′ = (ξ +δ ,η)T ∈ I. The corresponding points of p̄ and p̄′′′

in the disparity space are p = (ξ ,η ,δ )T ∈ D′′′ and p′′′ = (ξ +δ ,η ,δ )T ∈ D, respectively. In both

camera coordinate systems the line of sight direction remains unchanged except the plane normal



Chapter 3: Constrained Optimisation for Plane-Based Stereo 55

that can be retrieved using eq. 3.7. Again from inequality 3.8 we get:

w > 0 and u < w . (3.10)

Both inequality 3.9 and 3.10 imply that w is positive. We also get a bound (upper or lower) on

u depending on which image p̄ is taken from. The visibility constraint does not give a complete

bound (both upper and lower) for u. Moreover, the constraint does not provide any bounds for v.

Therefore, we introduce our second constraint to obtain complete bounds on u and v.

3.3.2 Disparity bound constraint on support window

It is important to constrain the support window by disparity bounds as the PMS algorithm uses a

large patch to measure the matching score. From the cost function (eq. 3.3), we know that the

algorithm projects a support window in the other view (eq. 3.2) and compares the weighted pixel

difference between the two support windows. To find the complete bound on the plane normals,

our disparity bound constraint on the support window assumes that the disparity of all the pixels

inside a support window with respect to the plane associated with the centre pixel of the patch

must lie between the known maximum and the minimum allowed disparity, i.e., the disparity of

every pixel q̄ = (x,y) ∈W(p̄) with respect to πππ should lie between dmax and dmin (Fig. 3.7). We

should only consider planes that satisfy the following disparity bound condition:

dmin ≤ |πππ · q̄| ≤ dmax ∀ q̄ ∈W(p̄),

where |πππ · q̄| computes the perpendicular distance of q̄ to πππ . This distance gives the disparity of

q̄ with respect to πππ at p. From eq. 3.2, the disparity d of q̄ is given by

d =
u
w
(ξ − x)+

v
w
(η− y)+δ .

The disparity of q̄ should also satisfy the disparity bound condition:

dmin ≤
u
w
(ξ − x)+

v
w
(η− y)+δ ≤ dmax . (3.11)
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From the visibility constraint, we know that the value of w is always positive. Then inequal-

ity 3.11 can be simplified as:

−w(δ −dmin)≤ u(ξ − x)+ v(η− y)≤ w(dmax−δ ) . (3.12)

Both (δ −dmin) and (dmax−δ ) are positive in the above expression. If d* =min(δ −dmin,dmax−δ ),

we tighten the bounds of inequality 3.12 as:

−wd* ≤ u(ξ − x)+ v(η− y)≤ wd* . (3.13)

Any solutions of inequality 3.13 will also satisfy inequality 3.12. The values of (ξ − x) and

(η− y) depend on the patch size. For a patch of size 2r+1, both their values ranges from −r to

r. A solution of inequality 3.13 for ±r is also valid for other values < |r|. Therefore, a solution

of inequality 3.13 will also satisfy the following inequalities:

−wd* ≤ ur± vr ≤ wd* . (3.14)

We can now solve inequality 3.14 to get the upper and lower bound of u.

−wd*

r
≤ u≤ wd*

r
. (3.15)

A geometrical formulation on the bounds of u/w is shown in Fig. 3.8. Applying similar disparity

Figure 3.8: Bounds on u/w. Let d* = δ − dmin. In the uw plane both the red and green lines
(originated from p) are extreme lines that follow the disparity bound constraint. Slopes of the
red and the green line are d*/r and −d*/r, respectively. Any line whose slope is between −d*/r
and d*/r is a potential candidate plane.
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bound constraint for the other view, we find the analogous representation of inequality 3.14 as:

−d* ≤ u
w+u

r± v
w+u

r ≤ d* . (3.16)

If p̄ ∈ I′′′, the equivalent representation of inequality 3.14 for the other view changes to:

−d* ≤ u
w−u

r± v
w−u

r ≤ d* . (3.17)

Combining the bounds of u from inequality 3.15, 3.16 and 3.17 with the bounds from the visibil-

ity constraint (inequality 3.9 and 3.10), we get the bounds for u satisfying both constraints:

− wd*

r+d* < u≤ wd*

r
if p̄ ∈ I ,

−wd*

r
≤ u <

wd*

r+d* if p̄ ∈ I′′′ ,

(3.18)

Finally, we get the bound of v from inequality 3.14, 3.16 and 3.17.

v ∈ s
r
[−1,1], (3.19)

where

s =


min
(
|wd*±ur|, |(w+u)d*±ur|

)
if p̄ ∈ I ,

min
(
|wd*±ur|, |(w−u)d*±ur|

)
if p̄ ∈ I′′′ .

These are used as hard constraints during both the initialisation and the refinement process.

The proposed scheme samples the unit normals multiple times until the constraints are satisfied.

Using [60], we first generate random unit normals that are uniformly distributed over the visible

hemisphere. Next, we only accept those unit normals that satisfy the constraints in inequality 3.9,

3.10, 3.18 and 3.19. The fronto-parallel windows can be enforced by setting n = (0,0,1)T. Then

we use d and n to find the required plane parameters at p. These plane parameters are then used

in Eq. 3.3 to find the disparity of all the other pixels inside a patch. During initialisation and

plane refinement, while minimising the cost function over disparity, our constraints ensure that

the centre pixel of the patch is visible from both views and the disparity of all the pixels inside a

patch lie between the minimum and maximum disparity.
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3.4 Constrained optimisation

We locally refine the plane parameters of πππ at a pixel p̄ to further reduce the matching cost. Here

we change the disparity and the surface normal within bounds and seek an optimum disparity

and unit normal. As our cost function is non-differentiable at some points due to the presence

of discontinuous thresholds in the pixel dissimilarity function, we cannot use any standard gra-

dient descent method to minimise it. It is also not convenient to mathematically compute the

derivatives due to the threshold in the cost function. PMS uses a heuristic Luus-Jaakola type

algorithm4 [65]. This is not always effective, because it does not model the local structure of the

cost function.

BOBYQA [71, 93] is a gradient-free non-linear trust region based algorithm for finding the

minimum of an objective function F(x), x ∈ Rn, subject to some constraints a≤ x≤ b, without

using the derivatives of F(x). A trust region is a neighbourhood of the current iterate point,

which is used in conjunction with a local quadratic approximation Q of F at that point. The

quadratic surface Q is then minimised, and if the minimum of Q also reduces the value of F ,

then BOBYQA treats the minimum as a new iterate point. A larger trust region is generated

around that point, and the process continues. If the minimum of Q does not reduce the value of

F , then a smaller trust region is generated around the iterated point. The radius of the trust region

depends on how well the quadratic model matches with the objective function and is updated

after each iteration. BOBYQA consists of a very accurate and efficient system of updating the

approximation models while maintaining a good set of interpolation points.

In more detail, BOBYQA starts with an initial vector x of dimension n, the constraints on x

and a trust region radius. In each iteration, BOBYQA employs a local quadratic approximation Q

of F such that Q(x j) = F(x j), j = 1,2, · · · ,m, where m = 2n+1. The initial interpolation points

x j are chosen and adjusted automatically. Let xk be the point in the set {x j : j = 1,2, · · · ,m} that

has the property F (xk) = min{F (x j) : j = 1,2, ...,m} associated with the current trust region

radius ∆k. At each iteration, a new point xk+1 = xk + ck, ck ∈ Rn is computed and one of the

interpolation points, say x j, is replaced by the new iterate point xk+1 if F (xk+1) < F (xk). The

trust region step ck is chosen by minimising Q(xk + c), c ∈ Rn subject to the prescribed bounds

on variables a≤ xk + c≤ b under the condition ||c|| ≤ ∆k. Further, a new trust region radius and

quadratic approximation is generated using the new iterate point. In most cases the new trust

4Similar to bisection method.
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region is computed as max
(1

2 ∆k,‖ck‖
)
. Thus at each iteration, only one interpolation point is

altered that minimises F among all the interpolation points from the minimising sequence x?k .

The disparity and the plane normals of a pixel obtained from the view propagation are used

as initial inputs. The optimiser then minimises cost(p̄,S ) using the disparity and surface normal

bounds as defined in Section 3.2.3 and 3.3. The disparity scale is very different from the unit

normal scale, but BOBYQA compensates for unequal initial-step sizes in the different parameters

by rescaling the parameters, in proportion to the initial trust region step [46]. As the input and the

boundary conditions vary for each pixel, we let the BOBYQA subroutine compute the initial trust

region radius heuristically from the bounds. The input vector in our case is the over-parametrised

plane parameters of dimension n = 4 containing the disparity and the plane normals of a point

in the disparity space. BOBYQA then heuristically interpolates m = 9 planes with the bounds

and fits a quadratic approximation Q around the cost(p̄,S ). The quadratic model is later used to

minimise the cost function along the trust region step ck.

3.5 Results

3.5.1 Experimental set-up

We evaluate our proposed method, IPMS, using the Middlebury stereo benchmark, version 3 [76],

which contains training and a test dataset, each with 15 pairs of stereo rectified images. The

images contain a variety of challenges, such as radiometric changes and a large disparity range.

Most images in the dataset have realistic imperfect rectification. The dataset comes in three

resolutions (full, half and quarter). Due to the computational memory constraint, we use the half

resolution dataset (up to 1500×1000 pixels) for our experiments. However, results are evaluated

at full resolution to compare with other methods according to the benchmark.

There are six parameters in IPMS. We use the same parameters for all the stereo pairs. All

the parameters are set empirically during training. We keep the patch sizeW(p̄) = 71×71 and

use a 5×5 median filter for all the half resolution Middlebury images. The results are reported

after the post processing step, unless otherwise stated. The values of γc and γg are the same as

used in [91], α and τgrad are the same as in [9] and τcol is chosen empirically using the quarter

resolution Middlebury training dataset:

(
γc, γg, α, τcol, τgrad

)
:=
(

5.0,
W(p̄)

2
, 0.9, 0.01, 0.008

)
.
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(a) Dark and light shades represent percentage
of non occluded bad pixels computed with error
threshold of 2.0 and 0.5 pixels, respectively.

(b) Average disparity error for non occluded pixels.

Figure 3.9: Error comparison on a subset of the Middlebury training images (Adirondack,
Jadeplant, Motorcycle, PlaytableP, Teddy, and Vintage). PMS: PatchMatch
Stereo [9]; IB: PatchMatch Stereo with constrained Initialisation and BOBYQA in plane re-
finement, cost function same as [9], no search image support weight; IBS: PMS with constrained
Initialisation and BOBYQA in plane refinement, cost function similar to [9], norm changed by
TSSD, no search image support weight; I: Initialised PatchMatch stereo with no plane refine-
ment; ILJ : Initialised PatchMatch stereo with a variant of Luus-Jaakola optimisation in plane
refinement; IPMS : Initialised PatchMatch Stereo.

As a performance measure, we use the default metrics of the Middlebury stereo benchmark.

The Middlebury error rate measures the percentage of bad pixels, i.e., the percentage of pix-

els whose disparity errors are greater than a threshold with respect to the ground-truth disparity

map. The default metric also measures the average error per pixel. The training dataset pro-

vides a mask for the occluded pixels allowing users to calculate the percentage of bad pixels

and average error only on the non-occluded pixels. The percentage of bad pixels changes with

the threshold, whereas the average error remains constant. We use the thresholds of 2.0 and 0.5

pixels.

3.5.2 Comparison with PMS

We first compare our results with PMS and other variants of PMS on a subset of the Middlebury

training images. This subset was chosen because it exhibits different scene textures and disparity

ranges. Results in Fig. 3.9 clearly show that the proposed modifications significantly decrease the

percentage of bad pixels by 10−40% and the average error by 25−50% in most cases. It is also

evident from Fig. 3.9 that the BOBYQA optimisation is more effective than the Luus-Jaakola

method.

We compared both the initialisation schemes of IPMS and PMS and found that IPMS pro-

duces 35−45% fewer bad planes than that of PMS during initialisation. We also compared the
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Table 3.1: Percentage of bad pixels with 2.0 pixels error threshold on all pixels on a subset of the
Middlebury half-resolution training dataset. The mean error is reported for 30 trials along with
the standard deviation.

Method
weights 1 1 1 1 0.5 1

mean median Adiron Jadepl Motor PlaytP Shelvs Teddy
IPMS SP1 54.19 56.31 48.64 (1.55) 73.13 (0.81) 48.82 (1.47) 63.81 (2.17) 65.41 (0.79) 30.95 (1.88)

IPMS SP1 with init. as [24] 67.56 67.42 66.47 (1.63) 81.26 (0.78) 65.36 (1.24) 68.37 (1.69) 75.99 (1.15) 52.16 (1.87)
IPMS VP1 39.26 39.38 30.94 (1.19) 56.82 (0.58) 34.24 (0.56) 44.53 (1.48) 58.81 (0.37) 20.02 (0.59)

IPMS VP1 no neighbour 47.53 47.57 41.36 (1.08) 67.66 (1.08) 42.91 (0.99) 52.23 (0.76) 63.45 (0.73) 25.56 (0.55)
IPMS PR1 35.95 36.09 26.29 (1.09) 52.07 (0.62) 31.65 (0.49) 40.53 (1.35) 57.27 (0.34) 18.57 (0.47)

IMPS PR1 no vis. const. in opt. 39.85 39.01 33.61 (0.76) 56.28 (0.99) 35.27 (0.41) 42.73 (0.85) 60.84 (0.36) 20.84 (0.39)
IPMS 17.92 14.77 9.65 (0.25) 25.81 (0.37) 15.93 (0.48) 13.62 (0.42) 50.18 (0.35) 8.48 (0.27)

IPMS with init. as [24] 19.09 16.11 9.88 (0.28) 27.79 (0.43) 17.04 (0.50) 15.18 (0.36) 51.53 (0.56) 9.39 (0.47)
IPMS no neighbour in VP 18.63 15.57 9.81 (0.23) 27.41 (0.36) 16.86 (0.33) 14.28 (0.27) 51.09 (0.37) 8.56 (0.41)
IMPS no vis. const. in opt. 18.66 15.61 10.03 (0.19) 27.29 (0.36) 16.93 (0.44) 14.29 (0.48) 51.04 (0.32) 8.58 (0.35)

initialisation scheme of IPMS with that by Galliani et al. [24], which generates uniform normals

on a sphere. Experimental results show that the proposed IPMS produces 30− 40% fewer bad

planes compared to [24] during initialisation, 11− 37% fewer bad pixels during the first spatial

propagation and 3−11% fewer bad pixels on the final disparity map for error threshold of 2.0 on

all pixels (Table 3.1).

Our modified view propagation allows more opportunities to improve the disparity by testing

with neighbouring parameters. This approach is particularly useful where corresponding points

are off by one or two pixels due to imperfect rectification. We performed new experiments on the

Playtable stereo pair with both imperfect and perfect rectification [76] (Table 3.2). The results

show that, in the case of imperfect rectification, there is a 20% improvement on the final disparity

map. In comparison, for the perfectly rectified case, use of the full neighbourhood in view

propagation did not change the final disparity results. Overall, the modified view propagation

results in 20−35% more plane propagations, reducing 17−28% bad pixels during the first view

propagation and 2−6% fewer bad pixels on the final disparity map for error threshold of 2.0 on

all pixels.

Table 3.2: Percentage of bad pixels with 2.0 error threshold on all pixels for the Playtable
stereo pair with perfect and imperfect rectification in the first (FVP) and second (SVP) view
propagation along with the final disparity disparity map. The mean error is reported for 30 trials
along with the standard deviation.

Rectification Disparity results No neighbour With neighbour

Imperfect
FVP 53.45 (2.01) 48.46 (1.87)
SVP 40.12 (1.21) 31.34 (1.03)
Final 33.37 (0.96) 26.73 (0.76)

Perfect
FVP 43.45 (1.42) 44.53 (1.48)
SVP 19.33 (0.99) 19.12 (0.85)
Final 14.28 (0.37) 13.62 (0.42)
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Figure 3.10: Cost difference of BOBYQA and Luus-Jaakola on the medium size Jadeplant
dataset. We choose a grid of equally spaced points (131× 99), 10 pixels apart and plot the
median cost difference of BOBYQA and Luus-Jaakola along with the upper and lower quartile
with respect to the no. of iterations. Both the optimisers start off from the same median cost but
after the first iteration BOBYQA proves to be better than Luus-Jaakola.

We also experimented to find out the effectiveness of the constraints during optimisation.

The performance of the BOBYQA optimiser depends on the specified bounds of the input vari-

ables. In the absence of visibility constraints, the trust region for the surface normal parameters

will be unnecessarily large. This may result in a poor quadratic approximation to the empirical

objective function, such that the minimum of the approximation does not offer any improvement

(e.g. consider a U-shaped approximation around a W-shaped function). This interpretation is

consistent with our experimental results in Table 3.1. In addition, it may be noted that although

the disparity scale is very different from the unit normal scale, BOBYQA rescales the parameters

in relation to the initial trust region step [46]. This process also depends on the specified bounds.

Experimental results show 2−10% fewer bad pixels during the first plane refinement and 2−6%

fewer bad pixels on the final disparity map for error threshold of 2.0 on all pixels.

We choose a sample of equally spaced pixels (131×99) on the half resolution Jadeplant

stereo pair (10 pixels apart) and compared the median cost difference of BOBYQA and Luus-

Jaakola along with the upper and lower quartile with respect to the number of iterations (Fig. 3.10).

Both the optimisers start from the same median cost, but after the first iteration, BOBYQA proves

to be better than Luus-Jaakola. The nature of the optimisation problem is significantly affected

by the local image structure (and quality of the initial estimate), which is highly variable across

the 131× 99 = 12969 samples. The local performance is highly variable, due to differences in
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(a) Dark and light shades represent percentage
of non occluded bad pixels computed with error
threshold of 2.0 and 0.5 pixels, respectively.

(b) Average disparity error for non occluded pixels.

Figure 3.11: Rate of convergence per iteration computed on a subset of the Middlebury training
images (Adirondack, Jadeplant, Motorcycle, PlaytableP, Teddy, and Vintage).
Note that two iterations are sufficient for convergence.

the available image structure (and initial estimates), across the visible scene. We also found out

that BOBYQA does not increase the computational cost compared to the Luus-Jaakola method,

as it also takes on average nine iterations to converge.

Fig. 3.11 shows that IPMS converges in only two iterations on the same subset of images. The

main reason behind this faster convergence is the constrained initialisation of plane parameters,

in contrast to the random initialisation used in PMS.

Our unoptimised C implementation of PMS takes around 150 minutes (standard intel core

i7 desktop) to process an image of size 900× 750 whereas IPMS is approximately five times

more expensive, but still comparable to global methods such as [72]. The main reason for the

additional computational time is the inclusion of the search image support weight in the cost

function, which reduces false matching in occluded regions. Comparing IPMS to IBS clearly

shows that the results are improved by adding the support image weights, especially for the

Jadeplant stereo pair whose background is less textured with big occlusion. Importantly, if

we do not include the support weight for the search image in the cost function, then IPMS is

Table 3.3: Results on the Middlebury training set: percentage of bad pixels and average error
with 2.0 pixel error threshold on all pixels

Method
Weights→

Wt. avg.
1 1 1 1 1 1 0.5 1 0.5 0.5 1 1 0.5 1 0.5

Adiron ArtL Jadepl Motor MotorE Piano PianoL Pipes Playrm Playt PlaytP Recyc Shelvs Teddy Vintge

B
ad

pi
xe

l(
%

)

G
lo

ba
l MC-CNN-acrt [88] 19.9 10.0 25.6 32.8 12.7 12.6 18.8 24.4 17.8 25.6 23.3 21.6 12.8 34.4 14.3 30.5

MC-CNN+RBS [4] 19.5 9.76 26.1 32.6 12.2 12.4 17.9 22.7 19.8 25.1 22.8 20.4 12.9 32.4 14.4 27.3
MeshStereo [94] 21.1 10.1 20.1 36.6 14.1 14.6 19.9 28.9 24.0 32.0 26.7 16.6 16.5 41.0 13.9 27.5

TMAP [72] 22.9 14.1 21.2 34.0 14.8 14.4 21.0 32.0 20.1 31.2 40.4 21.2 16.1 46.6 14.3 40.3

Lo
c. IPMS (proposed) 20.9 9.65 15.46 25.81 15.93 21.16 19.01 47.18 23.89 33.99 26.73 13.62 14.25 50.18 8.48 32.36

IDR [52] 23.0 14.5 21.4 33.3 14.8 12.9 20.8 29.9 23.1 31.1 53.0 16.6 15.9 49.7 13.2 38.4

A
ve

ra
ge

er
ro

r

G
lo

ba
l MC-CNN-acrt [88] 11.8 4.24 18.7 34.1 7.21 7.22 6.00 9.35 13.5 18.3 9.71 9.37 4.64 6.62 9.35 21.6

MC-CNN+RBS [4] 6.67 2.22 8.42 22.2 3.95 3.87 2.34 4.74 13.9 9.76 4.80 3.66 2.38 4.63 5.90 5.13
MeshStereo [94] 7.59 2.39 6.44 36.4 5.40 5.71 3.25 5.45 11.6 6.34 4.92 2.73 2.25 11.1 1.90 5.62

TMAP [72] 7.88 2.44 5.88 30.9 4.72 4.41 3.86 13.7 9.25 6.12 16.6 3.13 2.22 10.9 2.73 10.5

Lo
c. IPMS (proposed) 5.79 1.79 4.16 17.9 3.56 4.68 3.87 13.95 8.42 10.19 3.11 2.00 2.42 8.4 1.35 7.75

IDR [52] 8.57 2.60 5.97 30.0 4.26 3.90 4.39 10.8 10.4 6.3 39.6 2.61 2.42 10.2 2.54 9.09
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Figure 3.12: Teddy stereo pair results with default error (percentage of bad pixels) threshold
of 2.0 pixels on all regions. Errors in occluded regions in the right-most column are shown in
grey, while the errors in non-occluded areas are shown in black. The colour bar in the left-most
column shows the disparity levels of the Teddy stereo pair.

one third faster than PMS due to BOBYQA, while still producing 15− 35% fewer bad pixels

(Fig. 3.9).

3.5.3 Comparison with other methods

We now compare IPMS against state-of-the-art algorithms according to the Middlebury bench-

mark. Fig. 3.12 shows all the propagation results per iteration for the Teddy stereo pair reference

image (900×750). Our method produces a high-quality disparity map even in the first iteration,

because of the constrained initialisation.

To further illustrate the performance of our proposed method, we present the disparity map, the

error map and the plane distribution map on a subset of the Middlebury training images in

Fig. 3.13. Note that the proposed method successfully tackles the edge fattening problem, e.g.,

PlaytableP. However, as with other local methods our algorithm has difficulties with sig-
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Figure 3.13: Results on a subset of the (a) Middlebury training images with (b) ground truth
(Adirondack, Jadeplant, Motorcycle, PlaytableP, Teddy, and Vintage). (c)
Disparity map. (d) Error map. Computed with default error threshold of 2.0 pixels on all regions.
Errors in occluded regions are shown in grey, while the errors in non-occluded areas are shown
in black. (e) Plane distribution. Hue and saturation represent surface tilt and slant, with white
being fronto-parallel.

nificant radiometric changes and low textured regions, e.g., Vintage. The percentage of bad

pixels and average error on all pixels (without using a mask) for the Middlebury training dataset

are shown in Table 3.3 along with other top performing published local and global methods.

The results show that our method outperforms other local methods, and is among the top five

overall (including global methods).
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Table 3.4: Camera Specification

Camera Resolution (MP) Imaging sensor
PointGrey Flea3 USB 3.0 Digital Camera 3.2 Sony IMX036 CMOS, 1/2.8”, 2.5µ m, 60 FPS at 2080×1552

Nikon DSLR Camera 24.1 Nikon DX CMOS, 23.5 mm × 15.6 mm, Lens 18-55 mm. AF-S

3.6 Surface reconstruction

Apart from evaluating our algorithm on the Middlebury dataset, we also tested on our own sand-

box dataset (Sec. 5) and also on crumpled paper dataset.

3.6.1 Imaging set-up

Initially, we used a pair of synchronised PointGrey cameras mounted over a stereo rig to capture

the sandbox. For our application, we want the spatial resolution to be very high. Specifically,

because the sand texture is so fine, we expect to see some colour-aliasing which will become

very problematic for correlation-based stereo matching because two overlapping images will

look different. During the experiment, we find out that the spatial resolution of the PointGrey

cameras are lower than we would like for this application. To address this problem, we used a

hand-held DSLR (Nikon D7100). All the camera specifications are given in Table 3.4. Because

the scene is uncoloured, we use some coloured beads as markers to find the camera extrinsic (Sec

2.2.6). Finally the images were rectified (Sec 2.2.5).

Figure 3.14: Sand stereo pair. (a) Left image (b) Right image (c) Left disparity map
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Figure 3.15: 3D visualisation of the left sand image

Figure 3.16: Crumpled paper dataset. (a) Left image (b) Right image (c) Left disparity map (d)
Cropped 3D visualisation of the left crumpled paper.
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3.6.2 Sand images

We created a sand stereo pair (1393×400) from a sandbox (75cm × 56cm) using a DSLR cam-

era. We tested the proposed algorithm on the sand stereo pair (Fig. 3.14(a), (b)). By inspection,

we found that the maximum and minimum disparity are 77 and 22 pixels, respectively. The dis-

parity map (Fig. 3.14 (c)) was generated using a patch of size 51×51. A dense 3D reconstruction

is shown in Fig. 3.14.

3.6.3 Crumpled paper surface reconstruction

To test whether the algorithm produces a smooth disparity map on curved surfaces, we captured

a stereo pair (800× 675) of a crumpled paper (Fig. 3.16(a), (b)). By inspection, we found the

maximum and minimum disparities are 105 and 15 pixels. The disparity map (Fig. 3.16 (c)) was

generated using a patch of size 51×51. A dense 3D reconstruction is shown in Fig. 3.16 (d).

3.7 Summary

We introduce a constrained initialisation scheme for the plane parameters in PatchMatch stereo,

which ensures that only feasible planes are associated with each pixel. We also use the gradient-

free non-linear optimiser BOBYQA, which we have shown to be more effective than Luus-

Jaakola in refining the plane parameters. In addition, to tackle imperfectly rectified image pairs,

we relax the view propagation. These modifications help our method to generate better disparity

maps than state-of-the-art local methods and to converge in only two iterations. Moreover, the

IPMS framework can be applied to any local stereo algorithm that can be cast in the PatchMatch

stereo framework.



Chapter 4

Quadric surface model for PatchMatch

stereo framework

4.1 Introduction

The PMS framework has six limitations. First, its initialisation process does not guarantee the

association of a feasible plane at each pixel. Second, the plane refinement process uses a variant

of the Luus-Jaakola optimisation [57] to minimise the cost function, which is inefficient to find a

local minimum of the given cost function. Third, the framework assumes that the stereo images

are perfectly rectified which is not the case for typical stereo pairs. Fourth, it generates false

matches in low textured areas [32]. The model also fails to smoothly reconstruct curved surfaces

in the disparity space as the framework is based on a planar model. Finally, the planar disparity

model does not provide the curvature information of the associated surface, which is needed for

a full understanding of the local surface structure.

The first four have been already addressed in [1]. In this chapter, we propose a quadric

disparity model which successfully handles both curved and planar surfaces in the disparity space

and, also estimates the curvature of the associated surface model for every pixel. We can get

the curvature information by fitting a surface locally over a patch in the disparity space. The

estimation depends on the patch size and the distribution of disparities over the patch and is highly

affected by outliers. Moreover, such estimation does not use the surface normal information. In

the proposed method, Quadric PatchMatch Stereo (QPMS), both spatial and normal information

are used to approximate the surface locally by a quadric at each point in the disparity space.

69
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Later, the quadrics are propagated within and across the stereo pair. We further address the

false matching problem by introducing disparity guided spatial propagation, where a non-linear

disparity dissimilarity function weights the aggregated cost. Disparity guided spatial propagation

prevents false matches from growing and also fill them with the correct disparity value, provided

there is at least one good surface approximation of the neighbours. Moreover, the proposed

modifications will work with any stereo algorithm that can be cast in the PatchMatch Stereo

framework.

The rest of the paper is organised as follows. The quadric disparity model is proposed in Sec-

tion 4.2 and different quadric transformations are discussed in Section 4.3. The QPMS framework

is introduced in Section 4.4. Different propagation schemes are explained in Section 4.5. The

constrained optimisation is presented in Section 4.6. The curvature visualisation scheme is dis-

cussed in Section 4.7. Section 4.8 provides information on the experimental set-up, parameters

used and results. Finally, conclusions are drawn in Section 4.9. In addition, some concepts of

differential geometry are discussed in the Appendix B.

4.2 Disparity models

We define the disparity d as the horizontal shift between two matching pixels of a rectified stereo

image pair (Sec. 2.3). A pixel p̄ = (x,y)T with disparity d is associated with a point p = (x,y,d)T

in the disparity space D defined as the 3D space above the xy plane. As depth is inversely

proportional to disparity, d is used to calculate the depth across the scene.

We start with a rectified colour stereo pair, I and I′′′, where I is the reference image obtained by

the left camera C and I′′′ is the search image obtained by the right camera C′′′. Let S be the surface

of the scene. Assume that we are trying to perform a pixel-wise matching of I with I′′′. Let p and

p′′′ be points in the disparity space that correspond to two matching points, p̄ and p̄′′′, projected

from a scene point, P ∈ S, to the image plane. Let the surface S̃ be a local approximation of S

at P (Fig. 4.1). Our objective is to find the depth of the scene by estimating the local surface at

each scene point.

The benefit of using local surface is two-fold. First, we can get the depth information. Sec-

ond, we can estimate the geometric structure of the scene from the associated local surface. We

first find the local surface approximations in the disparity space for every image point and later

map them in the scene space to get the local surfaces of S . Let S (x,y,d) be the approximated
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Figure 4.1: Geometric formulation. Image points p̄ and p̄′′′ are the projections of a scene point
P ∈ S on the reference image I and the search image I′′′ from two different views obtained by the
left camera C and the right camera C′′′, where S ∈ R3 is the surface of the scene. The baseline
distance between C and C′′′ is B. The scene point P is at a distance Z from B. The surface S̃ is a
local approximation of S at P. Our objective is to find the depth of the scene by estimating the
local surfaces at each scene point.

local surface of p in the disparity space D. The local surface S is a differentiable expression (at

least twice) that defines the disparity model.

4.2.1 Planar disparity model

The planar disparity model assumes S to be a linear function.

S : ux+ vy+wd +1 = 0, (4.1)

where πππ : (u,v,w)T are parameters of S , known as the plane parameters. The PMS framework

uses the planar model to associate planes for each pixel in both images.

4.2.2 Quadric disparity model

For the quadric disparity model, S is defined as the most general ten parameters implicit expres-

sion in x, y and d. The quadric disparity model is motivated by the transformation of a conic in

between disparity spaces (left and right). Fig. 4.2b shows that the surfaces in disparity space can

be double-valued in term of disparity. The quadric disparity model S is given by

S : xTQx = 0, where x = (x,y,d,1)T ∈ D and Q'


a f g u
f b h v
g h c w
u v w k

 . (4.2)

Once the quadric is known, the disparity of an image point is given by the ‘vertical’ distance
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(a) Parabolas in the scene space (b) Disparity curves. Corresponding disparity curves
and points have the same colour as in the scene
curve. Solid curves corresponds to the left dispar-
ity space whereas the dotted curves corresponds to
the right disparity space.

Figure 4.2: Quadric disparity models in 2D

of the quadric from the spatial position of the pixel. Computing the disparity is straightforward

when the surface is a Monge patch (App. B.1) (c = 0). When c 6= 0, the disparity is double-

valued. It is important to track the correct branch of the quadric out of the two choices to find out

the true disparity. Solving eq. 4.2 for d, we get the disparity values (Fig. 4.3).

d =


− A

2B
, if c = 0 ,

−B±
√

B2− cA
c

, otherwise ,

(4.3)

where A = ax2 +by2 +2 f xy+2ux+2vy+ k and B = gx+hy+w.

In this work, disparity is over parametrized by ten parameters, where S : (a , b, c, f , g, h, u,

Figure 4.3: Disparity models in 1D. Pixel p̄∈ I with disparity d corresponds to p∈D. The green
line represents the planar surface πππ and the red curve represents the quadric surface S at p. For
πππ , disparity is single valued whereas we can get two disparity values for S . In that case, it is
important to track the correct branch of the quadric out of the two choices to find the correct
disparity.
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Figure 4.4: Quadric types (not including rotationally symmetric subtypes). Arrows indicate “is
on the boundary of” relationships: One quadric type is on the boundary of another if any quadric
of the first type can be perturbed by ε to create a quadric of the second type. These relationships
are transitive, e.g., planes lie on the boundary of all other quadric types. Figure reproduced from
[2].

v, w, k) are called the quadric parameters. Apart from the surface normals, the quadric also gives

us the curvature information, which provides full understanding of the surface structure.

A chart of quadric types (not including symmetric rotational subtypes) is shown in Fig. 4.4.

Rotationally symmetric quadric types (circular cylinder, circular cones, spheroids, and circular

hyperboloids) have the same equations, with an added constraint that any two squared terms have

the same coefficient. We list the distinguishing properties of different quadric types in Tab. 4.1.
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Table 4.1: Canonical form (centered at the origin and axis aligned with the Euclidean geometry)
of common quadratic surface types. Table reproduced from [2].

Equation (Canonical Form) Quadric Type (Canonical Position) Distinguishing Property
ax2 +by2 + cd2 + k = 0 Ellipsoid or Hyperboloid (Centered) Ellipsoid if all squared terms have same sign

ax2 +by2 + cd2 = 0 Cone (Centered) The constant term is zero
ax2 +by2 +wd + k = 0 Paraboloid (Aligned with z-axis) One squared term is zero

ax2 +by2 + k = 0 Cylinder (Aligned with z-axis) Squared and corresponding linear term are both zero
cd2 + k = 0 Double Plane (Plane normals aligned with z-axis) Two pairs of squared and linear terms are zero

ux+ vy+wd + k = 0 Plane Quadratic terms all zero

4.3 Quadric transformations

A quadric Q̃ in the scene space is given by

XTQ̃X = 0, where X = (X ,Y,Z,1)T ∈ S and Q̃'


a f g u
f b h v
g h c w
u v w k

 . (4.4)

We start with the simplest quadric model, which is a parabolic cylinder (Fig. 4.5a). A

parabolic cylinder in the scene space can be represented by a Monge patch as aX2+2wZ+k = 0.

The quadric associated to the parabolic cylinder is given by :

XTQ̃X = 0, where Q̃'


a 0 0 0
0 0 0 0
0 0 0 w
0 0 w k

 . (4.5)

Next, we investigate the transformation of parabolic cylinders and other quadrics in between

disparity spaces.

(a) Parabolic cylinder in scene
space.

(b) Corresponding surface in the
left disparity space.

(c) Corresponding surface in the
right disparity space.

Figure 4.5: Change of a quadric between scene space and disparity space.
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4.3.1 Scene to image space conversion

For a scene point X, let x̄ be the corresponding image point in homogeneous coordinates. Then,

there exists a projective transformation (Sec. 2.2.3), s.t.,

x̄'K [ I | 0 ] X, (4.6)

for some camera matrix K.

4.3.2 Scene to disparity space conversion

For a scene point X = (X ,Y,Z,1)T ∈ S , let x = (x,y,d,1)T ∈D be the corresponding point in the

disparity space D. There exists a projective transformation ΓΓΓ, s.t.,

x' ΓΓΓX, where ΓΓΓ =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (4.7)

4.3.3 Transformation of a quadric from scene to disparity space

The corresponding quadric of eq. 4.4 in the disparity space is given by:

xTQx = 0, where Q = ΓΓΓ
−TQ̃ΓΓΓ

−1 '


a f u g
f b v h
u v k w
g h w c

 (4.8)

It follows that a parabolic cylinder (Fig. 4.5a) in the scene space transforms to an elliptic or

hyperbolic cylinder in the disparity space (Fig. 4.5b), and is represented by:

ax2 + kd2 +2wd = 0 (4.9)

Therefore, the transformed surface from scene space to disparity space is not a Monge patch, as

it is no longer single-valued in d.

4.3.4 Transformation of a quadric among views in disparity space

Consider the following quadric Q in the left disparity space DL.
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xTQx = 0, where Q'


a f g u
f b h v
g h c w
u v w k

 . (4.10)

We are interested in finding the corresponding quadric in the right disparity space DR. A point

ρρρ = (ξ ,η ,δ ,1) ∈ DL is mapped to ρρρ ′′′ = (ξ −δ ,η ,δ ,1) ∈ DR.

ρρρ = VLR ρρρ
′′′, where VLR =


1 0 −1 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (4.11)

The quadric in the left disparity space will change in the right disparity map as follows:

xTQLRx = 0, where QLR = VLR
−TQVLR

−1. (4.12)

If the point x ∈ DR, then the corresponding quadric in the left disparity space is given by :

xTQRLx = 0, where QRL = VRL
−TQVRL

−1 and VRL =


1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (4.13)

Eq. 4.13 and 4.12 shows that even if we start from a Monge patch in any one of the disparity

space, the corresponding surface in the other disparity space may not be a Monge patch any-more

due to the change of view-point. The corresponding quadric (Fig. 4.5c) of eq. 4.9 is given by:

ax2 +(a+ k)d2 +2axd +2wd = 0.

4.4 Quadric PatchMatch Stereo (QPMS)

The planar model in PMS successfully tackles the sub-pixel disparity problem (Fig. 4.6a, point

q) and reconstructs slanted planar surfaces (Fig. 4.6a, point s). However, one of the primary

limitations of the planar model is that it fails to reconstruct curved surfaces smoothly (Fig. 4.6a,

points r, t, u). The proposed Quadric PatchMatch Stereo (QPMS) method successfully handles

curved surfaces and produces a smoother disparity map by fitting a quadric surface at each pixel

in the disparity space onto which the support region is projected (Fig. 4.6b, points r, t, u). The

key ideas of the QPMS framework are same as in PMS, that neighbouring pixels have coherent
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(a) Planar support regions of PMS. (b) Proposed quadric support regions.

Figure 4.6: Quadric surface models in 1D. The blue curve represents a 1D slice of the surface
and the approximated surface models are shown in red. Figure partially reproduced from [9].

matches, and large numbers of random samples will yield some good initial estimates of the

surface parameters. QPMS follows the same framework of IPMS with modifications highlighted

in bold in Fig. 4.8. The principle idea of the method is to first fit tangent planes at every point

in the disparity space and then propagate the plane parameters within and across the stereo pair.

We skip the optimisation process in the first iteration and let the plane normal propagate in

either direction of the images. The quadric disparity model is introduced after the second view

propagation. The surface parameters are then propagated in further iterations (Fig. 4.7). We

also start tracking the correct branch of the quadric disparity model from this process onwards.

Similar initialisation and post-processing scheme are followed as mentioned in [1]. The QPMS

framework also produces two separate disparity maps for the stereo pair.

Figure 4.7: QPMS quadric initialisation in 1D. Let S̄ ∈ D be a slice of a surface along the xd
plane. The point qx is a spatial neighbour of px. Planes πππp and πππq are the initialised local surfaces
for px and qx, respectively. The plane πππq is propagated during the first spatial propagation as px’s
support region. The plane πππv is the local surface approximation of px after the second view
propagation. The quadric disparity model is now introduced to approximate S̄ locally at px by
S1 using the optimisation constraints. The local surface Sp is the final quadric associated with
px obtained after the second optimisation.
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Figure 4.8: Quadric PatchMatch Stereo (QPMS) flowchart. Input I and I′′′ are the rectified ref-
erence and search images, respectively. Left and right disparity spaces D and D′′′ are generated
by selecting disparities d and d′′′ from the disparity constraints for every pixel in I and I′′′, respec-
tively. During initialisation, the surface normals n and n′′′ are selected from the normal constraints
in [1], which are used along with the point in the disparity space to generate the planes S and
S ′′′ for every pixel in I and I′′′, respectively. During the first two iterations, the planes are propa-
gated via spatial, and view propagation. The quadrics are generated during the first constrained
optimisation in the second iteration after view propagation using the BOBYQA optimiser. Note
that, there is no optimisation in the first iteration. The whole process is then repeated using the
quadrics. The total number of iterations is a user-defined parameter τ, while the iteration number
is denoted by i. After each operation, the updated surfaces are represented by S j and S ′′′

j . QPMS
converges in three iterations. After the post-processing the final surface parameters for the left
and right image are denoted by SL and SR, respectively.



Chapter 4: Quadric surface model for PatchMatch stereo framework 79

Figure 4.9: Quadric PatchMatch stereo. Image points p̄ and p̄′′′ are matching pixels with disparity
d lying on the reference image I and the search image I′′′, respectively. The matching pixels p̄ and
p̄′′′ correspond to p ∈D and p′′′ ∈D′′′, where D and D′′′ represent the disparity spaces generated by
I and I′′′, respectively. Points p and p′′′ lie on the quadric S and S ′′′, respectively, where S ′′′ is
the transformed surface of S due to change of view point. A rectangular patch centred at p̄ is
denoted byW(p̄). The patchW(p̄′′′) is the projection ofW(p̄) with respect to S .

To find corresponding pixels, QPMS starts with a rectified colour stereo pair, comprising I

and I′′′, where I is the reference image and I′′′ is the search image (which will be exchanged during

the course of the algorithm). Let p̄ = (x,y,1)T ∈ I and p̄′′′ = (x′′′,y,1)T ∈ I′′′ be corresponding pixels

(Fig. 4.9). As I and I′′′ are rectified and p̄ and p̄′′′ are matching pixels; p̄ and p̄′′′ have the same y

coordinate and the same disparity magnitude d. Then p = (x,y,d,1)T ∈D and p′′′ = (x′′′,y,d,1)T ∈

D′′′ are two different projective transformations of P [36], where D and D′′′ denote the disparity

spaces generated by the reference and search image pixels, respectively. We have used different

notations for the disparity spaces to highlight the projective transformations of P generating from

two different views. As p ∈ D, x′′′ = x−d, otherwise x′′′ = x+d. The relation between p and p′′′

in the disparity space is given by V? in eq. 4.11 or eq. 4.13, depending on which disparity space

p resides. Disparity spaces D and D′′′ will differ due to the visibility effects. i.e., eq. 4.12 and

eq. 4.13 are not true for all points in practice. Once the surface parameters are known for every

pixel, the disparities are computed using eq. 4.3 and the correct branch.

To assign the disparity of I and I′′′, we need to find an optimum quadric at each pixel that

maximises the similarity of an image region across views. Let p be a point in the disparity space

which corresponds to an image point p̄. Let S be the set of all candidate quadrics passing through
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p; we want to find a quadric S̄ that minimises the aggregated matching cost:

S̄ = argmin
S∈S

cost
(
p̄,S

)
.

The aggregated cost of p̄ according to S is computed as

cost(p̄,S ) =

∑
q̄∈W(p̄)

∑
q̄′′′∈W(p̄′′′)

A
(
p̄, q̄
)
·A
(
p̄′′′, q̄′′′

)
·E
(
q̄, q̄′′′

)
∑

q̄∈W(p̄)
∑

q̄′′′∈W(p̄′′′)
A
(
p̄, q̄
)
·A
(
p̄′′′, q̄′′′

) , (4.14)

whereW(p̄) denotes a square patch centered at p̄, p̄′′′ denotes the matching pixel of p̄ with respect

to S andW(p̄′′′) denotes the projection ofW(p̄) with respect to S . q̄′′′ is the matching pixel of

q̄ in the other view with respect to the quadric S . The weight function A(p̄, q̄) and the error

function E(q̄, q̄′′′) are the same as defined in eq. 3.4 and eq. 3.5, respectively.

4.5 Propagation

We use the PMS iterative scheme to propagate the surface parameters in two different directions

considering both views. During even iterations, the algorithm starts with the top left pixel and

traverse pixels in row-major order until the bottom right pixel is reached. The order is reversed

during odd iterations, i.e., starting with the right bottom pixel and stopping at the top left one.

In every iteration, each pixel runs through three independent stages: spatial propagation, view

propagation, and constrained optimisation, except the first one. We only allow spatial and view

propagation during the first iteration. Our method converges in three iterations. An additional

iteration is required for QPMS in comparison to IPMS as we start the optimisation process from

the second iteration onwards. Next, we discuss the propagation schemes in detail.

4.5.1 Spatial propagation

The idea behind spatial propagation is that neighbouring pixels are likely to be associated with the

same surfaces. Therefore, we pass the quadric parameters to its neighbours and check whether

the new disparity of the neighbouring pixel is within the approved disparity range ( in between

maximum (dmax) and minimum (dmin) disparity) and improves the cost function (Fig. 4.10a).

For any pixel p̄ in the image, let p be its corresponding point in the disparity space lying on

the quadric S . Let q̄ be a spatial neighbour of p̄ and q be the projection of q̄ in the disparity

space lying on the quadric Sq. We first check whether the new disparity of p̄ with respect to Sq
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lies between dmax and dmin. If so, we evaluate whether assigning Sq to p̄ improves the aggregated

cost, i.e., we check the condition cost(p̄,Sq) < cost(p̄,S ). If this is the case, we accept and

update Sq as the new supporting quadric of p̄, i.e., S := Sq (Fig. 4.10a). In even iterations we

consider the left and upper neighbours as spatial neighbours, whereas in odd iterations the right

and lower neighbours are verified (Fig. 4.10b and 4.10c).

Only in the second iteration, we guide the spatial propagation by introducing a weight on

the cost aggregation based on the disparity difference of the immediate neighbours with the

candidate pixel (Fig. 4.10b and 4.10c). The weight function between a candidate pixel p̄ and a

neighbouring pixel p̄` is given by

µ(p̄, p̄`) =

(
1−

min
(
|dp̄`

,dp̄†
`
|, |dp̄`

,dp̄?
`
|
)

dmax−dmin

)−1

, (4.15)

where p̄†` and p̄?
` are neighbours of p̄`. The weight function prefers frontal parallel planes than

highly slanted ones, which causes false matching. Similar to the propagation scheme, in even

iterations, we use the left and upper neighbour of p̄`, whereas in odd iterations, only right and

lower ones are considered. Disparity guided spatial propagation (DSP) prevents false matches

from growing and also fill them with the correct disparity value, provided there is at least one

good surface approximation of the neighbours.

4.5.2 View propagation

We exploit the strong coherency that exists between the left and right disparity maps so that a

pixel and its matching pixel in the other view have the same disparity (Fig. 4.11a). However,

the surfaces change across views due to different viewpoints in the disparity space. There is

no guarantee that a Monge patch will remain a Monge patch in the other view (Fig. 4.11b).

However, this is not a problem as we use the general quadric model and also track the branches.

Let {r̄′′′, s̄′′′} ∈ I′′′ be two possible matching points of p̄ ∈ I. Points p, r and s are corresponding

points of p̄, r̄′′′, s̄′′′ in the disparity space lying on the quadric Sp, Sr and Ss with disparity d, dr

and ds, respectively (Fig. 4.11a). We transfer the disparity and the support quadric of r̄′′′ and s̄′′′ to

p̄ and find the new surface parameters (Fig. 4.11b). If the new quadric minimises the aggregated

cost of the patch W(p̄) centred at p̄, we update the surface parameters of p̄ with the new one.

As corresponding pixels have equal disparities, we first find the corresponding quadric in the

reference image using VRL (eq. 4.11) or VLR (eq. 4.13), depending on which disparity space the
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(a) Disparity guided spatial propagation (b) Even iteration (c) Odd iteration

Figure 4.10: (a) Image point q̄ is a spatial neighbour of p̄. Points p and q are corresponding
points of p̄ and q̄ in the disparity space lying on the quadric S and Sq, with disparity d and d̂,
respectively. Image point p̄ corresponds to a new point p∗ in the disparity space with respect to
Sq. In spatial propagation, we aggregate the cost of the patchW(p̄) centered at p̄ with respect
to S and Sq, if the new disparity d* of p̄ with respect to Sq is between dmax and dmin. We
update the quadric of p to Sq if the aggregated cost gets reduced by Sq. (b) and (c) show the
direction of spatial propagation for odd and even iterations. The four immediate neighbours of
p̄ are denoted by p̄`, p̄r, p̄u, p̄d (left, right, upper and lower). In even iterations we consider the
left and upper neighbours as spatial neighbours, whereas in odd iterations the right and lower
neighbours are verified. During even iterations, the DSP weight for p̄ is chosen by comparing the
disparity dissimilarity with p̄` and p̄u. The DSP weight for p̄` is chosen by comparing with the
blue and the green pixel, whereas for p̄u, the green and the red pixels are compared. During odd
iteratios, the DSP weight for p̄, p̄r and p̄d are chosen by comparing the disparity dissimilarity of
p̄r and p̄d , blue and green, green and red pixels, respectively.

(a) View propagation (b) Change of quadric across views

Figure 4.11: (a) Let {r̄′′′, s̄′′′} ∈ I′′′ be two possible matching points of p̄ ∈ I. Points p, r and s are
corresponding points of p̄, r̄′′′, s̄′′′ in the disparity space lying on the quadric Sp, Sr and Ss with
disparity d, dr and ds, respectively. We transfer the disparity and the support quadric of r̄′′′ and
s̄′′′ to p̄ and find the new surface parameters. If the new quadric minimises the aggregated cost
of the patch W(p̄) centred at p̄, we update the surface parameters of p̄ with the new one. (b)
As corresponding pixels have equal disparity, we transform the quadric accordingly using VRL

(eq. 4.13) or VLR (eq. 4.12) and then match the disparities. In the figure, S ′′′
r is the transformed

quadric of Sr with respect to the reference image view point and, pr is the projection of p̄ in the
disparity space with respect to S ′′′

r . Note that, the supporting quadric is no longer a Monge patch.
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quadric is residing, and later match the disparities.

4.6 Constrained optimisation

We locally refine the quadric at each pixel to further reduce the matching cost. Here we change

the surface parameters within bounds and seek for an optimum surface. As our cost function

is non-differentiable at some points due to the presence of discontinuous thresholds in the pixel

dissimilarity function, we cannot use standard gradient descent methods to minimise it. It is also

not convenient to mathematically compute the derivatives. We tackle this problem by using the

bound optimisation by quadratic approximation (BOBYQA) (Sec. 3.4) algorithm to optimise

the surface parameters similarly [1]. The quadric parameters of each pixel obtained from the

view propagation are used as initial inputs. The optimiser then minimises cost(p̄,S ) using the

constraints mentioned later in this section.

The optimisation is performed over seven parameters; { a, b, c, α , β , γ , k } where { a, b,

c } ∈S and, α , β and γ are the rotation angles around the x, y and, d axis, respectively. The

curvature of the surface is governed by { a, b, c }. The surface normal is controlled by the angles

α , β and γ . The constant term k ∈S translates the quadric to a new point in the disparity space.

4.6.1 Quadric initialisation

We start the optimisation process from the second iteration onwards to make sure the plane pa-

rameters have propagated in either direction of the stereo pair. During quadric initialisation in

the first optimisation process, We begin with a canonical quadric (centred at the origin and axis

aligned with the Euclidean geometry). The canonical quadric is then aligned with the perturbed

surface normal and translated back to the new disparity point. The principal curvature constraint

(Sec. 4.6.2) and the principal direction constraint (Sec. 4.6.3) are used to generate the canoni-

cal quadric and the perturbed surface normal, respectively. The disparity bound constraint (Sec.

4.6.4) is used to translate the quadric to a new point in the disparity space. The surface nor-

mal constraint (Sec. 4.6.5) are used to check whether the perturbed normals are geometrically

feasible.

In the later optimisation process, we already have a quadric attached to every point in the

disparity space. In that case, we perturb the quadric parameters within bounds and seek for an

optimal quadric.
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Figure 4.12: The circle C is the osculating circle of the curve P at the point p. Both C and P
have the same tangent T as well as the curvature at p. The radius of curvature of P is given by
1
r , where r is the radius of C .

4.6.2 Principal curvature constraint

The osculating circle of a curve P at a point p is the circle C that has the same tangent as well

as the curvature at p (Fig. 4.12). Similar to the tangent line T at p, which is the best linear

approximation of P at p, C is the best circle that approximates P at p. The radius of curvature

of P is given by 1
r , where r is the radius of C . Therefore, the curvature of any curve at a point

can be approximated by its osculating circle at the same point. We use this idea to find out the

constraints on a, b and c of S .

Let Px be the curve, when the quadric S is sliced at p = (x,y,d) along the xd plane. We

will find the bounds on ‘a’ by finding the possible osculating circles of Px at px = (x,d), where

px is the projection of p along the xd plane. A circle is uniquely defined by three points. We

already have a point px. The other two points are chosen based on the patch size and the disparity

bound. For a patch of size 2r, we get two sets of point pairs generating maximum and minimum

curvature. Let κ?
1 be the radius of curvature of the circle C ?

1 passing through the three points

Figure 4.13: Curvature bounds by the osculating circles. The circle C ?
1 passes through the

three points {(x− r,dmax) ,(x,d) ,(x+ r,dmax)}. The circle C †1 passes through the three points
{(y− r,dmax) ,(y,d) ,(y+ r,dmax)}. The bound on ‘a’ is obtained from the radius of curvature of
C ?

1 and C †1 .
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{(x− r,dmax) ,(x,d) ,(x+ r,dmax)} (Fig. 4.13). Similarly, let κ
†
1 be the radius of curvature of the

circle C †1 passing through the three points {(x− r,dmin) ,(x,d) ,(x+ r,dmin)}. Therefore, ‘a’ is

bounded by

−κ
†
1 ≤ a≤ κ

?
1 . (4.16)

We find the bound on ‘b’ in a similar fashion. Let Py be the curve, when S is sliced at p along

the yd plane. The bounds on ‘b’ of Py can be approximated by the possible osculating circles

passing through py = (y,d). Let κ?
2 be the radius of curvature of the circle C ?

2 passing through

the three points {(y− r,dmax) ,(y,d) ,(y+ r,dmax)}. Similarly, let κ
†
2 be the radius of curvature of

the circle C †2 passing through the three points {(y− r,dmin) ,(y,d) ,(y+ r,dmin)}. Therefore, ‘b’

is bounded by

−κ
†
2 ≤ b≤ κ

?
2 . (4.17)

Finally, the bound on c is given by:

−max{κ†1 ,κ†2 } ≤ c≤max{κ?
1 ,κ

?
2 } . (4.18)

4.6.3 Principal direction constraint

We use similar surface normal constraints as mentioned in [1] to find out the bounds on (α,β ,γ),

where α , β and γ are the rotation angle around the x, y and, d axis respectively. Slope of the

tangent line at px = (x,d) in the xd plane is bounded by

−d*

r
≤ tan(α)≤ d*

r
, (4.19)

where d* = min(d−dmin,dmax−d) (Fig. 4.14). Similarly, slope of the tangent line at py = (y,d)

in the yd plane is bounded by

−d*

r
≤ tan(β )≤ d*

r
, (4.20)

The rotation angle θ around the disparity axis is restricted from −π

2 to π

2 .
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(a) d* = d−dmin (b) d* = dmax−d

Figure 4.14: Principal direction constraint. In the xd plane both the red and green lines (origi-
nated from px) are extreme lines that follow the disparity bound constraint. Slopes of the red and
the green line are d*/r and −d*/r, respectively, where d* = min(d−dmin,dmax−d). Patch size
is given by 2r. Any line whose slope is between −d*/r and d*/r is a potential candidate plane.

4.6.4 Disparity constraint

The bounds on k ∈S are given by

−{dmax (cdmax +2B)+A} ≤ k ≤−{dmin (cdmin +2B)+A} (4.21)

where S is the support region of p̄ = (x,y), A = ax2+by2+2 f xy+2ux+2vy and B = gx + hy

+ w.

4.6.5 Surface normal constraint

The unit surface normal n (App. B)of S at x is given by:

n = (u,v,w) =
1√

1+
(

∂d
∂x

)2

+
(

∂d
∂y

)2

(
−∂d

∂x
,−∂d

∂y
,1
)
, (4.22)

where,

∂d
∂x

=−ax+ f y+gd +u
cd +gx+hy+w

,

∂d
∂y

=− by+ f x+hd + v
cd +gx+hy+w

. (4.23)

We consider w positive, which follows from the visibility constraint of [1]. If S ∈ DL, u and v
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are bounded by

−d*

r
≤ u

w
≤ d*

r
, −d*

r
≤ v

w
≤ d*

r
, (4.24)

where d* = min(d−dmin,dmax−d) (Fig. 4.14). Applying similar disparity bound constraint for

the other view, we find the analogous representation of inequality 4.24 as:

−d*

r
≤ u

w+u
≤ d*

r
. (4.25)

If S ∈ DR, the equivalent representation of inequality 4.24 for the other view changes to:

−d*

r
≤ u

w−u
≤ d*

r
. (4.26)

4.7 Local shape measures

The Gaussian and the mean curvature (App. B.1.5) at a point cannot fully characterise the local

shape of a surface. However, the two principal curvatures (App. B.1.4) are far more informative.

Koenderink et al. [51] proposed two novel measures of local shape, the ‘curvedness’ and the

‘shape index’. The curvedness is a positive number that specifies the amount of curvature. The

shape index is scale invariant and is in the range [−1,+1]. The shape index captures the intuitive

notion of the local shape.

Let κ1 and κ2 be the principal curvatures of a surface at some point, where κ1 ≥ κ2. The shape

index s is defined as:

s =
2
π

arctan
(

κ2+κ1

κ2−κ1

)
∈ [−1,+1] , κ1 ≥ κ2 . (4.27)

Figure 4.15: Shape categories based on shape index with outward normal pointing upwards.
Figure reproduced from [51].
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Table 4.2: Shape categories. Table reproduced from [51].

Mnemonic Shape index range Colour

Spherical cup
[
−1,−7

8

)
Green

Trough
[
−7

8 ,−
5
8

)
Cyan

Rut
[
−5

8 ,−
3
8

)
Blue

Saddle rut
[
−3

8 ,−
1
8

)
Pink

Saddle
[
−1

8 ,
1
8

)
White

Saddle ridge
[1

8 ,
3
8

)
Grey

Ridge
[3

8 ,
5
8

)
Yellow

Dome
[5

8 ,
7
8

)
Orange

Spherical cap
[7

8 ,1
]

Red

The shape index scale is divided into nine categories: spherical cup, trough, rut, saddle rut,

saddle, saddle ridge, ridge, dome and spherical cap. The categories are shown in Table 4.2 and

the surfaces are shown in Fig. 4.15. It is clear from Fig. 4.15 that two shapes for which the shape

index only differs by the sign signs represent complimentary pairs. Convexities and concavities

find their places on opposite sides of the shape scale. These basic shapes are separated by saddle

like objects which are neither convex nor concave.

The curvedness is defined as:

c =

√
κ1

2+κ2
2

2
∈ [0,∞) . (4.28)

The curvedness measure is coordinate independent and scales inversely with the size. It vanishes

only at planar point.

4.8 Results

4.8.1 Experimental set-up

We evaluate our proposed method, QPMS, using the quarter resolution (720× 480) Recycle

stereo pair from the Middlebury stereo benchmark, version 3 [76]. The minimum and maxi-

mum disparity of the Recycle stereo pair is 8 and 57 pixels, respectively. We also tested the

proposed method on our own “poster” stereo pair (759× 299). The poster stereo pair was cre-

ated by reshaping a poster as a cylinder where the whole surface has constant curvature. The

minimum and maximum disparity of the Poster stereo pair are 10 and 150 pixels, respectively.

There are six parameters in QPMS. We use the same parameters of IPMS for QPMS. The
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(a) Left image (b) Right image

(c) IPMS (d) QPMS

(e) IPMS (f) QPMS

Figure 4.16: Disparity map comparison between IPMS and QPMS on the Recycle stereo pair.
(c), (d): Disparity guided second spatial propagation. (e), (f): First constrained optimisation.

parameters were unchanged during the experiment for both stereo pairs. We keep the patch size

W(p̄) = 23×23 and use a 5×5 median filter on the final disparity map during post-processing.

The results are reported after the post-processing step unless otherwise stated. As a performance

measure for the Recycle stereo pair, we use the default metrics of the Middlebury stereo bench-

mark and follow the same performance measure as IPMS. For the Poster stereo pair, we only

present qualitative results. We use the jet colour-map to visualise the disparity maps where the
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Table 4.3: Percentage of bad pixels with 2.0 pixels error on non occluded pixels for the Recycle
stereo pair.

Iteration
Spatial propagation View propagation Refinement
IPMS QPMS IPMS QPMS IPMS QPMS

1 8.29 8.29 6.04 6.04 - -
2 6.29 5.97 6.28 5.61 6.16 5.58
3 6.08 5.51 6.04 5.42 6.02 5.4

Table 4.4: Average error with 2.0 pixels error on non occluded pixels for the Recycle stereo pair.

Iteration
Spatial propagation View propagation Refinement
IPMS QPMS IPMS QPMS IPMS QPMS

1 1.05 1.05 0.75 0.75 - -
2 0.67 0.63 0.66 0.58 0.64 0.57
3 0.63 0.57 0.62 0.56 0.62 0.56

(a) IPMS (b) QPMS

Figure 4.17: Final disparity map of the Recycle stereo pair.

disparity scale changes from blue (min disparity) to red (max disparity).

4.8.2 Comparison with IPMS

We first compare our results with IPMS. For the Recycle stereo pair, Fig 4.16d shows the benefit

of using the disparity guided spatial propagation, where the neighbours filled the bad matches

with good planar support. One of the disadvantages of the spatial guided propagation is some-

times the depth discontinuities are not preserved. For this reason, we use it in the early stage of

iteration and only use it once. The later iterations then fix the depth discontinuity. The advantage

of the quadric disparity model is visible in the first constrained optimisation (Fig 4.16f). The

disparity map is smooth along the areas with curved surfaces. Experimental results show that

proposed QPMS produces 10% fewer bad pixels (Table 4.3) and 7% less average error (Table

4.4) on the final disparity map (Fig 4.17) for a error threshold of 2 pixels on non occluded pixels
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(a) Left image (b) Right image

(c) IPMS (d) QPMS

(e) IPMS (f) QPMS

Figure 4.18: Disparity map comparison between IPMS and QPMS on the poster stereo pair. (c),
(d): Disparity guided second spatial propagation. (e), (f): First constrained optimisation.

(a) IPMS (b) QPMS

Figure 4.19: Final disparity map of the poster stereo pair.

for the Recycle stereo pair.

For the Poster stereo pair the effect of the disparity guided spatial propagation (Fig. 4.18d) is not

so clear as the surface is very smooth and there were no mismatches. However, the advantage

of the quadric model is clear in the first constrained optimisation results (Fig. 4.18f). Fig. 4.19

show the final disparity map of the Poster stereo pair.

Fig. 4.20 and 4.21 shows the distribution of the surface normals for both algorithms. It is evident

from the results that the distribution is more even for normal maps generated by QPMS.
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(a) IPMS (b) QPMS

(c) IPMS (d) QPMS

Figure 4.20: Distribution of surface normals generated by IPMS and QPMS on the Recycle stereo
pair. (a), (b): First constrained optimisation. (c), (d): Second constrained optimisation.

(a) IPMS (b) QPMS

(c) IPMS (d) QPMS

Figure 4.21: Distribution of surface normals generated by IPMS and QPMS on the Poster stereo
pair. (a), (b): First constrained optimisation. (c), (d): Second constrained optimisation.
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(a) First constrained optimisation (b) First constrained optimisation

(c) Second constrained optimisation (d) Second constrained optimisation

Figure 4.22: Shape index for the Recycle dataset. (a), (c): Shape index. (b), (d): Transparency
set by curvedness measure for shape index.

(a) First constrained optimisation (b) First constrained optimisation

(c) Second constrained optimisation (d) Second constrained optimisation

Figure 4.23: Shape index for the Poster dataset. (a), (c): Shape index. (b), (d): Transparency set
by curvedness measure for shape index.

4.8.3 Curvature analysis

The shape index for the stereo pairs are shown in Fig 4.22 and 4.23. We also used the curved-

ness measure to set the transparency of the shape index as the shape index does not specify the
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amount of curvature. When the curvature is small, we can represent a surface locally by a shape

with opposite curvature, e.g., if we squash a spherical cap, it can represent a surface which is a

spherical cup in nature. We see this effect in shape index results. However, the transparency is

set by the curvedness measure; it is evident from the result that the algorithm can reconstruct the

correct surfaces locally.

4.9 Summary

In addition to surface orientation, curvature information is needed for a full understanding of

the local surface structure. The PatchMatch surface model is planar and does not directly esti-

mate the local curvature. We proposed a new framework, which is based on a quadric disparity

model, estimates local quadric at each point in the disparity space. We also introduce curvature

constraint on the model, which ensures the association of feasible quadric. In addition, to tackle

false matching, we propose a disparity guided spatial propagation, where a non-linear disparity

dissimilarity function weights the aggregated cost. Disparity guided spatial propagation (DSP)

prevents false matches from growing and also fill them with the correct disparity value, pro-

vided there is at least one good surface approximation of the neighbours. Initial results show that

the modifications help our method to generate better disparity maps than IPMS. Moreover, the

framework reduces to IPMS when the quadratic terms are set to be zero and, can be applied to

any local stereo algorithm that can be cast in the PatchMatch stereo framework.
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Riverbed dataset

5.1 Introduction

The riverbed dataset was captured to encapsulate the evolution of a simulated riverbed. We also

used it to validate the propositions in a relevant scenario. It contains stereo images along with

ground truth depth information captured by a terrestrial laser scanner. The dataset is challenging

for conventional stereo matching algorithms, because the visible surface consists of sand, which

lacks large-scale image features. The primary objective was to create 3D topographic models at

high resolution from the stereo pairs that can encapsulate the topographic changes in riverbed

morphology over time and link the topographic changes to topological changes in the braided

channel network.

5.2 Riverbed set-up

We used a river simulator to simulate the changes of a riverbed over time. The simulator was

2.15 m long and 0.88 m wide at the height of 0.13 m. We flow the water over the riverbed for

the first 20 min and leave it to dry for the following 10 min. Stereo pairs of the dry riverbed are

then captured from an overhead camera. Disparity maps are then generated using the proposed

algorithms. Later, we register and interpolate the disparity maps to a common reference frame to

find the change of depth over time in a continuous domain.

The slope of the flume is an important parameter which ensures enough energy to support

high sediment transportation. In our experiment, the slope was kept at 1.15◦ (2%). The amplitude

95
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of the topography is likely to remain mostly at millimetre scale, though the greatest topographic

difference in the active area we are interested in from a geomorphic perspective may stray just

into cm scales, but is very likely to remain less than 2−3 cm.

The initial set-up time to go from a straight channel to a braided river platform took 4 hours.

From this point, we allowed the flume to dry down overnight. From next day onwards, we worked

directly on the pre-formed morphology which saved a lot of time on set-up.

5.2.1 Water flow speed

The speed of water in the flume is hard to measure, owing to the very shallow water depth. We

initialised the discharge around 8 l/min and kept it likely in the region of 10 l/min. To simulate

sporadic floods, we increased the release to 12 l/min.

5.2.2 Lights

The wet sand produces reflection and glaring effects while traditional light builds are used to

capture the stereo pairs. To reduce these problems, a professional continuous softbox lighting

were used for the experiment (Fig. 5.1), which mimics a cloudy day in a real outdoor scene.

Three lighting stands were fixed at the three corners throughout the experiment. The stands

were 2 m high and five 38 W pure daylight bulbs were attached with every stand. A softbox of

size 50×70 cm2 was attached around the bulbs, to create a natural diffused light with the three

lighting kit.

Figure 5.1: Riverbed set-up
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Figure 5.2: camera set-up

5.2.3 Stereo pair

We captured 39 stereo pairs using a Nikon D7100 camera with a 18− 55 mm lenses (Fig. 5.2)

at an interval of 30 mins. The camera was mounted on top of the riverbed in a moving rail.

We move the camera horizontally along the rail to capture the stereo pair with an approximated

baseline distance of 12 cm.

A regular chessboard method was used to find the camera intrinsics using an OpenCV routine

(Sec. 2.2.4). The chessboard had 9×7 inner corners and each side of the small squares measures

36 mm. Calibrations were performed thrice a day; morning, noon and afternoon. We found a

little deviation among the camera intrinsics as expected.

The camera images are saved in Nikon’s raw NEF format. NEF (Nikon Electronic Format)

images are converted to png using “dcraw”. The NEF image format stores only one value per

pixel (either R, G or B) whereas the png images interpolate each pixel values and assigns RGB

values to each of them. The size of a NEF image is around 25 MB, but after converting to png,

the image size becomes 32 MB. The dimension of each image is 6036×3388 px. Due to memory

limitation, we down-sample the images to 1509×847 px for stereo matching.

5.2.4 Ground truth depth

The ground truth depth of the riverbed were collected using a factory calibrated terrestrial laser

scanner [28] (Fig. 5.3) from three different positions. The three scans were then merged into

one by considering a common reference frame obtained by a total station [29] and fixed markers

attached to the walls. Due to time limitations, we captured 15 sets of laser scans, where each set
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Figure 5.3: TLS set-up. The markers on the wall are used to merge three scans taken from
different view points.

contains scans from three different position.

The position accuracy of the TLS is the combination of range and angular accuracy. It forms

a sphere of possible error for the measured point. Given the scanner is calibrated, each loca-

tion within 5m range from the scanner will be correct within a 5 mm sphere of the coordinate

registered.

The laser scans are stored in the Zettabyte File System (ZFS) format. We convert the ZFS

data to a flat ASCII (x, y, z, intensity) format using ‘Cyclone’ [27] software. TLS intensity is

the backscattered optical power received by the sensor detector which normally has a non-linear

response curve. The intensity values are in the range [−2047,+2048] which is later normalized

to [0,255]. The PCL viewer follows the colour scheme based on the normalised intensity values,

where 0 is red, and 255 is blue.

5.2.5 Amount of sand added after each capture

Volumetric quantification is hard for wet sediment as we recycle the sediment washed out of the

flume. We used a volumetric beaker for a crude estimation of the wet sediment. At every 10 min,

we added a predefined amount of wet sediment (∼ 730 g) without considering the flume speed.
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Table 5.1: Hydraulic parameters

Slope Base-level (cm) Discharge (l/min) Deposition (g / 20 min) Feed (cm3 / 10 min)

1.15◦(2%) 1.5
Baseflow 10 ∼ 1186 ∼ 730

Flood 12 ∼ 1405

5.2.6 Flume set-up

The experiment began from a straight channel of relatively uniform dimensions cut into the

levelled river-bed. The hydraulic parameters used in our experiment are listed in Table 5.1.

After setting flume slope and base-level, the flume was initially run with a discharge of 8 l/min.

Sediments exported from the flume were collected and recirculated. Initially, around 200 cm3

(measured using a volumetric beaker) of the exported sediment was added evenly across the water

inlet. To monitor the development of the braided platform, total (Bt) and active (Ba) braiding

indices were surveyed at every 20 min time interval (time step). The intensity of braiding is

measured by Bt , calculated as an average of the number of active channels counted at ten cross-

sections spaced evenly along the area of interest in the flume. The sediment transport activity is

measured by Ba, calculated as an average of the number of flowing channels also transporting

sediment at each cross-section. The area of interest in the present study began at 0.5 m from the

flume inlet and ended at 1.5 m. This area was chosen to minimise the impact of the entrance

and exit effects that result from the flow of water from a pump and pooling of water at the flume

outlet. The flume was run until consecutive braiding index measurements stabilised, which took

five-time steps.

The base flow and the sediment feed control the amplitude of the morphological units in the

flume. Increasing both the amount of water (and thus energy) and sediment feed improve the

amplitude of morphological units and aid surveying. Following the initial assessment from the

TLS depth map, we set the base flow to 10 l/min. We fix the sediment feed volumetrically such

that both the feed and the deposit are relatively the same. A rough quantification of the amount

of deposit being collected every 10 min was found to be ∼ 730 cm3 using the predefined base

flow (Table 5.1). We used this volume as our sediment feed which kept the deposit relatively

constant. To mimic a flood situation, we need to increase the base flow. It is important to set

the flood discharge properly otherwise a higher flow increases the energy conditions in the flume

to such proportions that sediment transport vastly outstrips the rate of sediment input, causing

the river to entrench into one or two large main channels. Following some initial experiments,
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the discharge was set to 12 l/min. A continuous increase of deposit during flood situation was

noticed, indicating the rate of transport was higher than the sediment feed rate (Table 5.1).

Five sediment samples were collected at both base-flow and flood discharges to give a rough

indication of the amount of material being transported out of the flume. Sediment washed from

the flume were collected over 30 min time interval after the flume had been turned off and the

water had been drained down. The samples were weighed to measure the amount of deposition

once they were fully dry (Table 5.1).

The experiment was conducted for five consecutive days with the flume stopped and drained

every 20 min to capture the stereo pair. Up to four TLS scans were taken each day, concurrently

with stereo pairs, with a relatively even distribution of scans between flood and base-flow mor-

phologies. A local coordinates system was set up, using a total station to record the position of

the three targets around the flume, which were visible in all scans. These targets were used to

register the point clouds obtained from the TLS and the stereo pair.

5.3 Post-processing

Some of the images were of a different dimension. We cropped those images to create a database

of the same size. Later, we rescaled (25%) and rectified (Sec. 2.2.5) the images for stereo

matching.

To merge the three TLS scans, we manually marked three markers in one scan and their cor-

responding markers in the other two scans. Using these point correspondences and the reference

frame obtained from the total station, we merge all three scans into one.

5.3.1 Image registration

To find the change of depth across surfaces, we need to register the disparity maps with respect to

a reference frame. We use the Hough transform [20] to find the four inner sides of the river bed

table in both views. Later corresponding lines are matched manually, and a homography (Sec.

2.2.1) is computed across images from the virtual planes generated by those lines (Fig. 5.4). We

refer the plane as the tabletop plane. The homography is then used to register the disparity maps.

After the disparity maps are registered with respect to a fixed reference frame, we subtract each

disparity map to find the change of surface over time.
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(a) Reference image (b) Search image

Figure 5.4: Homography between the image pair using Hough transform. The lines along the
inner-side of the table are manually matched to get the homography between the virtual planes.
Same colour lines do not correspond to matching lines.

5.3.2 Disparity map visualisation

The change of depth in the region of interest is very subtle. Also, the depth varies over time.

To be consistent with the disparity map visualisation, we first calculate the virtual tabletop plane

using the inner side table edges generated by the Hough transform. As the virtual tabletop is fixed

across images, we compute the difference between the virtual plane and the disparity surface and

visualise the difference to be consistent over the change of surfaces.

5.3.3 Matching TLS and camera coordinates

The camera is mounted overhead whereas the TLS is placed on the ground over a tripod. Also,

the image resolution greatly differs from the laser scans. Using the camera intrinsic and the

disparity map, we first reconstruct the scene in 3D. Next, we manually match the scale of the point

clouds generated by the TLS and the 3D scene by using the ‘CloudCompare’ [81] software. The

relationship between the camera model and the TLS is inversely solved by fitting the two resultant

points clouds using a rigid body transformation. ICP (iterative closest point) [78] algorithm is

used to collapse one point cloud on another. We first manually match corresponding markers

in the 3D model and the laser scan, which is later used to initialise the ICP algorithm. Manual

matching and ICP are all done using CloudCompare software.

5.4 Results

We have generated the disparity maps of all the stereo pairs using IPMS. Also, each set of laser

scans are merged. The disparity maps are registered with a reference frame to compute the

change of surface over time. We have also matched the TLS and the camera coordinates. The
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(a) Reference image (b) Search image

(c) Undistorted reference image (d) Undistorted search image

(e) Unskewed reference image (f) Unskewed search image

(g) Rectified reference image (h) Rectified search image

Figure 5.5: Stero pair generation

root mean square error (RMSE) between the two clouds is under one millimetre.
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5.4.1 Stereo pair generation

The intrinsic camera matrix is used to project the disparity map in 3D. While finding the camera

intrinsic from the chessboard images using a Matlab routine, we found that the camera axis is

skewed. We also noticed that the OpenCV camera calibration routine does not consider any

skew parameter in the camera model, which is later used to rectify the image pair. We solve

the skewing problem by first undistorting the input image pair (Fig. 5.5) and later applying the

inverse skew matrix on the undistorted images. Finally, the unskewed image pair is rectified by

an OpenCV routine (Sec. 2.2.6), which is used as input to the stereo matching algorithm.

5.4.2 Disparity maps with different patch size with/without support weight

Fig. 5.7, 5.8, 5.9, 5.10, 5.11 represent the distance of the disparity map with respect to a fixed

plane roughly passing through the table top surface of the cropped left image (Fig. 5.6) with/without

support weight for different patch sizes, along with the 3D reconstruction. During this experi-

ment, we observed that the disparity map is over-smoothed and can not preserve edge boundaries

in the sand texture while support weight is not used. Comparing all the disparity maps with dif-

ferent patch size with/without support weight, we found that the optimal patch size is 71× 71

px2 and the support weight preserves the fine structures and edge boundaries in the sand images.

We also observed the behaviour of the cost function on an arbitrary pixel with/without support

weight using different patch size (Fig. 5.12).

5.4.3 Comparing laser scan with stereo depth map

We compared the disparity map of patch size 71× 71 px2 with a laser scan (Fig. 5.13) using

the “Cloudcompare” software. The laser depth cloud is considered as the reference scan, and

Figure 5.6: Cropped sand image with different patch sizes (in px unit) shown as squares; 21×21
(red), 31×31 (green), 41×41 (blue), 51×51 (black), 61×61 (magenta), 71×71 (yellow).
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(a) Without support weight (b) With support weight

(c) 3D Reconstruction without support weight (d) 3D Reconstruction with support weight

Figure 5.7: Disparity map obtained from patch size 21× 21 px2. (a) & (b) Difference between
the virtual tabletop plane and the disparity surface. (c) & (d) 3D reconstruction from the disparity
map.

(a) Without support weight (b) With support weight

(c) Without support weight (d) With support weight

Figure 5.8: Disparity map obtained from patch size 31× 31 px2. (a) & (b) Difference between
the virtual tabletop plane and the disparity surface. (c) & (d) 3D reconstruction from the disparity
map.

only the stereo depth cloud was changed to match with the laser depth cloud. The comparison

process comprises of four steps. First, we match the scales of both clouds by comparing the

physical dimension of an object in the image with the stereo depth cloud. In the second step,
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(a) Without support weight (b) With support weight

(c) Without support weight (d) With support weight

Figure 5.9: Disparity map obtained from patch size 41× 41 px2. (a) & (b) Difference between
the virtual tabletop plane and the disparity surface. (c) & (d) 3D reconstruction from the disparity
map.

(a) Without support weight (b) With support weight

(c) Without support weight (d) With support weight

Figure 5.10: Disparity map obtained from patch size 51×51 px2. (a) & (b) Difference between
the virtual tabletop plane and the disparity surface. (c) & (d) 3D reconstruction from the disparity
map.

we roughly align both clouds by manually matching the markers around the table. Then we

use the iterative closest point (ICP) algorithm to minimise the difference between the two point

clouds. Finally, the error map was computed based on the least-square best fitting plane that
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(a) Patch size 61×61 px2. (b) Patch size 71×71 px2

(c) Patch size 61×61 px2. (d) Patch size 71×71 px2.

Figure 5.11: With support weight. (a) & (b) Difference between the virtual tabletop plane and
the disparity surface. (c) & (d) 3D reconstruction from the disparity map.

Figure 5.12: Cost function behaviour over patch radius and support weight. sp :spatial propaga-
tion, vp: view propagation, pr: plane refinement.

goes through the nearest point and its neighbours (Table 5.2). We also sliced the disparity map

into seven segments and compared each segment with the corresponding laser scan segment

(Fig. 5.13, 5.14, 5.15, 5.16, 5.17, 5.18, 5.19, 5.20). Observing the results, we conclude that the

maximum error (red) occurs in occluded regions only.
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Table 5.2: Error between the laser and stereo depth cloud.

slice mean (mm) std. dev. (mm)
1 0.975291 0.872799
2 0.850085 0.669202
3 0.969599 0.836569
4 0.978881 0.866514
5 0.872279 0.663666
6 0.934217 0.709914
7 0.996348 0.769356

whole 0.938999 0.778193

5.4.4 Comparison of 1D laser and stereo point cloud slices

We slice both the laser and stereo point cloud at eight places (Fig. 5.21) and compare each of the

slices individually. It is evident from Fig. 5.22 and Fig. 5.23 that the stereo point cloud model

matches with the laser point cloud except for areas with small channels and occlusions.

Algorithm 1 Curvature evaluation from scattered point cloud depth map
1: procedure CURVATURE

2: input: R . depth map obtained from TLS
3: output: s . shape index (transparency set by curvedness)
4: pcdenoise← R . de-noise the point cloud data
5: griddata← pcdenoise . organise the scattered data in a regular grid array
6: gaussian← griddata . apply Gaussian filter on the depth map
7: derivative← gaussian . compute first and second order partials of the depth map
8: s← derivative . compute shape index and curvedness
9: end procedure

5.5 Surface curvature analysis

We further analyse the curvature of the depth map obtained from the laser scanner following the

local shape measures (Sec. 4.7) (Alg. 1). Fig. 5.24 shows the curvature of the depth map. The

active channels of the riverbed network can be retrieved from the curvature map.
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.13: Depth map comparison with laser scan, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.14: Depth map comparison with laser scan on slice 1, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.15: Depth map comparison with laser scan on slice 2, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.16: Depth map comparison with laser scan on slice 3, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.17: Depth map comparison with laser scan on slice 4, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.18: Depth map comparison with laser scan on slice 5, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.19: Depth map comparison with laser scan on slice 6, patch size 71×71 px2
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(a) Depth map

(b) Laser scan

(c) Error

(d) Error histogram

Figure 5.20: Depth map comparison with laser scan on slice 7, patch size 71×71 px2



Chapter 5: Riverbed dataset 116

(a) Position of each slice.

(b) Slice

Figure 5.21: 1D slice comparison between laser and stereo point clouds.
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(a) Slice 1

(b) Slice 2

(c) Slice 3

(d) Slice 4

Figure 5.22: 1D slice comparison between laser and stereo point clouds.
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(a) Slice 5

(b) Slice 6

(c) Slice 7

(d) Slice 8

Figure 5.23: 1D slice comparison between laser and stereo point clouds
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(a) Shape index (transparency set by curvedness) of the depth map obtained from the laser scanner.

(b) RGB image by DSLR.

(c) Depth map obtained from the TLS scan

Figure 5.24: Depth map obtained from the TLS scan

5.6 Summary

In this chapter, we present the riverbed dataset which is a unique and challenging dataset con-

sisting of 39 stereo pairs along with 15 ground truth captures by a laser scanner. We discuss the
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experimental set-up and later compared the disparity map obtained by IPMS with the ground-

truth depth map. Even though the images have fine structures, we found that IPMS can find the

fine structures with the help of support weight and large patch size. Experimental results show

that the root mean square error between the depth clouds is under one millimetre. We also sliced

both clouds at several places and plotted the surface in one dimension to analyse the result quan-

titatively. Finally, we analyse the surface curvature of the depth map obtained from the laser scan

to identify the active channels of the riverbed network.
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Conclusion

6.1 Summary

Stereo matching algorithms have been extensively studied over the last few decades in the com-

puter vision field to estimate the depth of a scene from calibrates stereo images. It is one of the

oldest problems in computer vision but remains an active area of research and studied with great

importance in the field of machine vision, computer vision, virtual reality, robot navigation, depth

measurements and environment reconstruction as well as in many other aspects of production,

security, defence, exploration and entertainment [66]. However, there are still various challenges

(Sec. 2.4).

Apart from depth, surface orientation is also crucial in understanding 3D scene geometry. In

this thesis, we focused on the state of the art PatchMatch stereo framework. The PMS framework

is a dense local stereo method that estimates both depth and surface normals for each input image.

However, the framework has certain limitations as mentioned in Section 2.7, which we have

primarily addressed in this thesis by introducing two new frameworks. The proposed frameworks

work with any algorithm that can be cast in the PMS framework.

One of the main drawbacks of the framework is the initialisation procedure, which is done in

an unconstrained manner, where the algorithm randomly selects the plane parameters for every

point. As a result, we end up with a proportion of geometrically impossible planes. In Chapter 3,

we proposed the Initiased PatchMatch Stereo (IPMS) framework. The framework uses visibility

and disparity bound constraints for large slanted patches in the scene. These constraints can be
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used to associate geometrically feasible planes with each point in the disparity space. The new

constraints are validated in the PatchMatch Stereo framework. We use these new constraints not

only for initialisation but also in the local plane refinement step of this iterative algorithm. The

proposed constraints increase the probability of estimating correct plane parameters and lead to

an improved 3D reconstruction of the scene. Furthermore, the proposed constrained initialisation

reduces the number of iterations before convergence to the optimal plane parameters. To update

the plane parameters in the plane refinement step, we used the gradient-free non-linear optimiser

BOBYQA, which we have shown to be more effective than the original Luus-Jaakola scheme

[65] in refining the plane parameters. In addition, as most stereo image pairs are not perfectly

rectified, we relaxed the view propagation by assigning the plane parameters to the neighbours

of the candidate pixel. These modifications help our method to generate better disparity maps

than state-of-the-art local methods and to converge in only two iterations. We also investigated

the role of parameters for the framework in detail.

Besides surface orientation, curvature information is also important to understand the geo-

metric structure of the scene. One of the other major limitations of the PMS framework is the

planar disparity model that it uses to project the patches in another view. As the surface model

is planar, PMS does not directly estimate the local curvature. In Chapter 4, we propose the

Quadric PatchMatch Stereo (QPMS) framework. The QPMS framework is built on top of the

IPMS framework and uses a quadric disparity model which successfully handles both curved

and planar surfaces in the disparity space and, also provides curvature estimates from the associ-

ated surfaces for every pixel using both spatial and surface normal information. We also proposed

principal curvature and direction constraints which associate geometrically feasible quadrics with

each point in the disparity space. We further address the false matching problem by introducing

disparity guided spatial propagation, where a non-linear disparity dissimilarity function weights

the aggregated cost. Disparity guided spatial propagation prevents false matches from growing

and also fill them with the correct disparity value, provided there is at least one good surface

approximation of the neighbours.

Moreover, we captured and processed a unique and challenging riverbed dataset in Chapter

5. The dataset shows the evolution of a simulated riverbed, which we have also used to validate

the propositions in a relevant scenario. The dataset deals with fine textures (sand) which makes

it hard to use conventional stereo matching algorithms. The dataset contains stereo images along
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with ground truth depth information captured by a terrestrial laser scanner. We created 3D topo-

graphic models at high resolution from the stereo pairs and compared with the laser scan to find

out the topographic changes in river-bed morphology over time. Experimental results show that

the root mean square error between the depth clouds is under one millimetre. We further analysed

the curvature of the depth map captured by the laser scanner to identify the active channels of the

riverbed network, which can be useful to study their evolution.

6.2 Future work

The two frameworks mentioned in this thesis work only with static scenes. Future work can

expand this limitation by modelling disparity changes in the dynamic scene by estimating the

d-motion (Sec. 2.3.1). It would be possible to add a temporal propagation phase in the exist-

ing framework. However, it may be hard to match individual patches as the photo-consistency

assumption will be broken.

Another future challenge can be extending the quadric model to a more general one. The

IPMS framework fits the surface by tangent planes whereas the QPMS fits the surface by a

quadric. Fitting a quadric is challenging as there are many classifications. However, fitting a

more general surface is even more challenging as the geometry becomes complicated to match

among views.

A possible alternate extension could be fusing QPMS with active sensors. The sensor can

generate a rough curvature estimate of the structure of the scene. The rough estimate can then be

used by QPMS along with other geometric constraints to obtain a detailed depth map.

The smoothness constraints in a cost function hold the key to determine the quality of matches

in any stereo algorithm. For the IPMS and QPMS framework, it would be possible to add the

surface normal or the curvature information to create a robust cost function, which could possibly

help to move towards general real-world scenario. However, there might be problems with wider

baseline and photometrically inconsistent stereo pairs.

It would be possible to extend both frameworks to multi-view stereo. Using the camera

parameters, we can estimate the homography between each support region, in order to project

them to other views.

The majority of the stereo pairs in the Middlebury stereo dataset deal with planar objects.

There is a growing need for a dataset comprising curved surfaces. Such a dataset would further
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facilitate the improvement of state of the art.

Finally, an immediate extension for the riverbed dataset could be analysing the evolution of

the channel bed from the depth and curvature map. The d-motion can be used further to study

the temporal changes.



Appendix A

Two view geometry

In this appendix, we present some basic geometry of two views based on [33, 15, 50, 58, 84].

A.1 Coordinate systems

Our world can be seen as an Euclidean space, and the position of any object can be represented

by the Euclidean coordinate system [U,V,W ] with origin at OW. This is also known as the world

coordinate system. Any 3D point P, known as the scene point, is represented by P= (U,V,W )T ∈

S, where S denotes the scene space (Fig. A.1).

Every camera, similar to the world coordinate system, has its coordinate system [X ,Y,Z] with

origin at OC, called the camera coordinate system. This coordinate system depends on the posi-

tion and orientation of the camera. Any scene point P is represented by (X ,Y,Z)T in the camera

Figure A.1: Different coordinate systems. OW, OC and OI are the origins of the world, camera
and image coordinates, respectively.
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Figure A.2: Pixel coordinate system with origin OP at the top left corner.

coordinate system. For simplicity, we assume the camera coordinate system is aligned with the

world coordinate system, since a rotation and translation can merge the coordinate frames. Under

this assumption a 3D point P= (U,V,W )T can also be written as P= (X ,Y,Z)T ∈S in the camera

coordinate system (Fig. A.1).

The image plane is a two-dimensional Euclidean coordinate system [x̃, ỹ]. The image plane

lies at a distance f (measured in physical unit, e.g., millimetre), known as the focal length, from

the camera optical centre OC. The origin of this coordinate system, known as the principal point,

is the point where the optical axis (Z-axis) intersects the image plane and is denoted by OI. Let p̃

be the projection of P on the image plane, known as an image point and is denoted by the image

coordinates p̃ = (x̃, ỹ)T (Fig. A.1).

Every digital image has a coordinate system known as the pixel coordinates [x,y]. In an image

coordinate system the coordinates are measured in physical units, whereas in pixels coordinate

system, they are changed to pixel unit by multiplying the physical units by a scale factor. Also

in pixel coordinate system, the origin OP lies on the top left corner of the image (Fig. A.2). An

image point p̃ transforms to p̄, known as the pixel point, and is denoted by p̄ = (x,y)T in pixel

coordinates.

A.1.1 Homogeneous coordinates

The 2D projective space can be thought of as the 2D Euclidean space (R2) with additional points

added (points at infinity) which are considered to lie on a new line (line at infinity). Parallel lines

in the Euclidean space intersect at a point at infinity corresponding to their common direction.

Given a point (x,y)T ∈ R2, the corresponding homogeneous coordinate is defined as the ordered

tuple (xz,yz,z)T, z 6= 0. By this definition, multiplying the homogeneous coordinates by a com-

mon, non-zero factor gives a new set of homogeneous coordinates for the same point. Formally,
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we say that two vectors {x,y} ∈ P2 are equivalent if x = λy for some non-zero scalar λ and write

x ' y, where ' denotes equality up to a scale factor. In particular, (x,y,1)T is such a homoge-

neous coordinate system for the point (x,y)T. The original Cartesian coordinates are recovered

by dividing the first two components by the third one. The triple (0,0,0)T is omitted from P2 and

does not represent any point.

To interpret (0,1,0)T geometrically, we look at (0,1,ε)T, where ε is a small positive number.

This point has a non-zero third coordinate and is equivalent to (0, 1
ε
,1)T, i.e., it is a point with

x-coordinate zero and a very large y-coordinate. Making ε smaller we see that (0,1,0)T can be

interpreted as a point infinitely far away in the direction (0,1)T. We call this type of point a

vanishing point or a point at infinity.

Homogeneous representation of lines

A line in the plane is defined as the set of points (x,y)T that satisfies ax+ by+ c = 0, where

a,b, and c are real numbers. A point x = (x,y,1)T in homogeneous coordinates lies on a line

l = (a,b,c)T if and only if xTl = 0.

Line joining two points

The line l passing through two points x and y in homogeneous coordinates is given by l = x×y,

where × is the cross-product between two vectors.

Transformation of lines

Under the point transformation x′′′ = H = x, a line l passing through x transforms as:

l′′′ = H−Tl (A.1)

Transformation of conics

Under the point transformation x′′′ = H = x, a conic C passing through x (xTCx = 0) transforms

to:

C′′′ = H−TCH−1 (A.2)

A.2 Lens distortion

In practice, no lens is perfect due to manufacturing errors. There are primarily two types of

distortions; radial distortions arise as a result of the shape of a lens, whereas tangential distortions
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arise from the assembly process of the camera as a whole.

During radial distortion, the lens often noticeably distorts the location of pixels near the edges

of the image. This bulging phenomenon is the source of the “barrel” or “fish-eye” effect (Fig.

A.3). The radial distortion is zero at the optical centre of the image and increases towards the

edges. Let (x,y)T denotes the image location of a 3D point P under the pin-hole camera model

(Sec. 2.2.2) and (xr,yr)
T denotes the image location of P with radial distortion. The relation

between (x,y)T and (xr,yr)
T is described by the following equations [14]:

xr

yr

=

ox

oy

+L(r)

x−ox

y−oy

 ,

where (ox,oy)
T is the principal point, and r denotes the Euclidean distance of (x,y)T from the

principal point, i.e., r2 = (x−ox)
2 +(y−oy)

2; and L(r) is typically defined as L(r) = 1+κ1r+

κ2r2+κ3r3.

The second largest common distortion is the tangential distortion, which results from the lens

not being parallel to the image plane (Fig. A.4). Tangential distortion is minimally characterized

by two additional parameters [13], ρ1 and ρ2, such that:

x′′′

y′′′

=

x

y

+

 2y r2+2x2

r2+2y2 2x


ρ1

ρ2

 ,

where (x′′′,y′′′)T denotes the image location of P with tangential distortion. In total, there are five

distortion coefficients; three for radial distortion (κ1,κ2,κ3), and two for tangential distortion

Figure A.3: Radial distortion. Rays far away from the centre bend too much compared to the
rays closer to the center; thus the sides of a square appear to bow out on the image plane. Image
reproduced from [11].
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Figure A.4: Tangential distortion. The lens is not fully parallel to the image plane. Image
reproduced from [11].

(ρ1,ρ2).

A.2.1 Epipolar geometry

We now formally define the epipolar geometry [33, 84] between a pair of images. Let C and

C′′′ be a pair of pinhole cameras in 3D space. Let p̄ and p̄′′′ be the projections through the left

camera C and the right camera C′′′ of a 3D scene point P in the left image I and the right image I′′′

respectively. The associated geometry is shown in Fig. A.5.

Epipole. Point of intersection of the line joining the camera centres with the image plane.

Epipolar plane. The plane passing through the centres of projection and a point in the scene.

Epipolar line. The intersection of the epipolar plane with the image plane.

The epipolar constraint is defined as p̄′′′TFp̄ = 0, for all pairs of point correspondences p̄

and p̄′′′, where F is called the fundamental matrix. The fundamental matrix F is a 3× 3 rank-2

homogeneous matrix that maps points in I to lines in I′′′, i.e., for a point p̄ ∈ I, l′′′ = Fp̄ is an

epipolar line in I′′′ and p̄′′′l′′′ = 0. In fact, any point p̄′′′ that corresponds with p̄ must lie on the

epipolar line Fp̄. For a fundamental matrix F, there exists a pair of unique points e ∈ I and

e′′′ ∈ I′′′ such that Fe = 0 = FTe′′′, where 0 = ( 0 0 0 )T is the zero vector. The points e and e′′′ are

known as the epipoles of images planes I and I′′′ respectively. The epipoles have the property that

all epipolar lines in I pass through e, similarly all epipolar lines in I′′′ pass through e′′′.

In 3D space, e and e′′′ are the intersections of the line CC′′′ with the planes containing image I

and I′′′. The set of planes containing the line CC′′′ are called epipolar planes. Any 3D point P not

lying on the line CC′′′ will define an epipolar plane and the intersection of this epipolar plane with
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Figure A.5: Epipolar geometry between a pair of images. A point p̄ in the left image I is
transferred via the plane π to a matching point p̄′′′ in the right image I′′′. The epipolar line l′′′ is
obtained by joining p̄′′′ to the epipole e′′′. In symbols one may write p̄′′′ = Hπ p̄ and l′′′ = [e′′′]×p̄′′′ =
[e′′′]×Hπ p̄ = Fp̄, where F = [e′′′]×Hπ is defined as the fundamental matrix [33].

the plane containing I or I′′′ will result in an epipolar line (Fig. A.5). Hence each epipole is the

projection of the ‘other’ camera centre.



Appendix B

Differential geometry

In this appendix, we present some basic concepts of differential geometry based on [69, 86, 30,

19].

B.1 Differential geometry on a Monge patch

Let U ∈ R2 denote a rectangular patch in the plane. A Monge patch is a regular (differentiable)

smooth height map where there exists a bijective mapping from R2 to R3 and vice versa. We will

use a Monge patch M ∈ R3 to denote the image of U . Let σ denote a differentiable function

from U to M , such that

σ : U →M σ (x,y) = (σ1 (x,y) ,σ2 (x,y) ,σ3 (x,y)) = (x,y,d (x,y)) , (B.1)

where d (x,y) : U → R is a real valued differentiable function. The graph of σ is the set of all

points in R3 whose coordinates satisfy the equation

z = d (x,y) . (B.2)

B.1.1 Surface differential properties

Partial differentiation can be performed on σ by fixing one variable at a time. Let p̄=(x0,y0)∈U

is mapped to p = (x0,y0, ,d (x0,y0)) via σ , i.e., σ (p̄) = p. We fix y at y0 and vary x. Then

σ (x,y0) depends on only one parameter and represents a curve. It is called an x parameter curve.
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Similarly, we can get a y-parameter curve σ (x0,y) by fixing x = x0. Note that, both the x and

y parameter curves pass through σ(x0,y0) in M . Tangent vectors for the x parameter and the y

parameter curves are given by differentiating the component functions of σ with respect to x and

y respectively.

σx = (1,0,dx) , σy = (0,1,dy) ,

σxx = (0,0,dxx) , σxy = (0,0,dxy) = (0,0,dyx) = σyx, σyy = (0,0,dyy) . (B.3)

A crucial result is that the order does not matter here, i.e., mixed partials commute. The tangent

(velocity) vectors of the parameter curves at the point p are given by σx (x0,y0) and σy (x0,y0).

The above partials can be written in a matrix form by the following expression:

dσ (p̄) = A(p̄) , where A =



∂σ1

∂x
(p̄)

∂σ1

∂y
(p̄)

∂σ2

∂x
(p̄)

∂σ2

∂y
(p̄)

∂σ3

∂x
(p̄)

∂σ3

∂y
(p̄)


=


1 0

0 1

dx (p̄) dy (p̄)

 . (B.4)

The matrix A is called the Jacobian matrix of σ at p̄. The rows of A are the gradients of the

components of σ . As the rank of A is always 2, the Monge Patch M is always a regular surface.

The tangent plane of M at p is defined as:

Tp (M ) = {v | v is tangent to M at p} . (B.5)

Immediately we know two curves which pass through p: the x and y parameter curves with

velocity vectors σx and σy. It can be shown that {σx,σy} form a basis for the vector space

Tp (M ). Note that, the basis is not orthogonal in general.

Let v ∈ Tp (M ). We are interested in finding the change of each component function of σ =

(σ1,σ2,σ3) on M along v. The directional derivative of σi in the direction of v at p̄ is defined as:

v [σi] (p̄) =∇σi ··· v, (B.6)

where ∇ is the gradient operator. The directional derivative of σ1,σ2 and σ3 along v can be

computed similarly. Let f : M → R, then the composition with a patch σ can be formed as
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f (σ (x,y)) = f ◦σ . Then we have

σx [ f ] =
∂ f
∂x
|x=x0 and σy [ f ] =

∂ f
∂y
|y=y0 . (B.7)

The unit surface normal N for Tp (M ) is given by,

N =
σx×σy

‖σx×σy‖
(x0,y0) =

(−dx,−dy,1)√
1+dx

2 +dy
2
. (B.8)

We can also write N = (n1,n2,n3) in terms of the standard basis e1 = (1,0,0), e2 = (0,1,0),

e3 = (0,0,1) for R3.

N = n1e1+n2e2+n3e3 =
3

∑
i=1

niei, (B.9)

where n1, n2, n3 are functions from M to R. The change in N in a direction v ∈ Tp (M ) can be

described by observing the changes of n1, n2 and n3 in the v direction. This initial rate of change

of N in the v direction is defined as the covariant derivative and is given by

∇vN = (v [n1] ,v [n2] ,v [n3]) =
3

∑
i=1

v [ni]ei. (B.10)

The covariant derivative tells us how M curves in the v direction, which gives us an idea about

the shape of the surface.

The Gauss map is a mapping G : M → S2 from the surface M to the unit sphere S2 is given by

G(p) = N(p) , (B.11)

where N(p) is the unit normal to M at p. The Gauss map is alternatively used to find the shape

operator, discussed later.

B.1.2 Orthonormal basis in tangent space

We already know that {σx,σy} form a basis for the vector space Tp (M ). However, the basis is

not orthogonal in general. Our objective is to find an orthonormal basis {ux,uy} of Tp (M ) to

create a local 3D coordinate frame.
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Now, following the Gram-Schmidt procedure, we make the first vector of unit length. Let

ux =
σx

‖σx‖
=

1√
1+dx

2
(1,0,dx) (B.12)

Next we project σy on ux:

Projux
σy = 〈σy,ux〉ux =

dxdy

1+dx
2 (1,0,dx) (B.13)

We create a vector perpendicular to ux by subtracting Projux
σy from σy.

σy−Projux
σy =

1
1+dx

2

(
−dxdy,1+dx

2,dy
)

(B.14)

Finally, we define uy as

uy =
σy−Projux

σy∥∥σy−Projux
σy
∥∥ =

1√(
1+dx

2)(1+dx
2 +dy

2) (−dxdy,1+dx
2,dy

)
(B.15)

Let N = (a,b,c) be the unit normal of the tangent plane Tp (M ) at p on M ∈ R3. Then the

orthonormal basis {ux,uy} of Tp (M ) is given by

ux =
1√

a2 + c2
(c,0,−a)

uy =
1√

a2 + c2

(
−ab,a2 + c2,−bc

)
(B.16)

B.1.3 Shape operator

The shape operator (or Weingarten map) of M at p is defined as

Sp (v) =−∇vN. (B.17)

It can be shown that the shape operator is a linear transformation from Tp (M ) to itself. The

following are some properties of the shape operator.

1. The shape operator is a symmetric linear transformation, i.e., for u,w ∈ Tp (M )

Sp (u) ··· w = Sp (w) ··· u. (B.18)
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2. If Sp = 0, for every p ∈M , then M is contained in a plane.

3. The shape operator has real eigenvalues.

4. Sp (σx) =−Nx and Sp (σy) =−Ny.

5. If ααα is a curve passing through p ∈M , then

Sp
(
ααα
′′′) ··· ααα ′′′ = ααα

′′′′′′ ··· N. (B.19)

Further, Sp (σx) ··· σx = σxx ··· N, Sp (σx) ··· σy = σxy ··· N = σyx ··· N = Sp (σy) ···σx and

Sp (σy) ··· σy = σyy ··· N.

6. The Gauss map has an induced derivative map G? : Tp (M )→ TG(p)S2. Then, by definition,

G? (v) =−Sp (v).

We already know that {σx,σy} form a basis for the vector space Tp (M ) at p ∈M . Furthermore,

any vector in Tp (M ) can be written as a linear combination of {σx,σy}. Hence, we can write the

effects of the shape operator as

Sp (σx) = a σx +b σy and Sp (σy) = c σx +d σy. (B.20)

The associated matrix of Sp with respect to the basis {σx,σy} is given by

Sp =

a c

b d

 . (B.21)

B.1.4 Curvatures

Consider a curve lying on a two-dimensional surface, which is embedded in R3. The curvature of

a surface is defined by the rate at which the unit surface normal is changing along the projection

of the curve in R3.

The Gaussian curvature of a surface M at p ∈M is defined to be K (p) = det(Sp).

The mean curvature of a surface M at p ∈M is defined to be H (p) =
1
2

trace(Sp).

Note that, the shape operator Sp and the mean curvature H depend on the choice of the unit nor-
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mal N. However, the Gaussian curvature K is independent of that choice.

For a unit vector u ∈ Tp (M ), the normal curvature of M in the u direction is given by

κ (u) = Sp (u) ··· u. (B.22)

The sign of the normal curvature tells us about the bending of the surface towards or away from

its normal in a given direction. If κ (u) > 0, then M bends towards N. If κ (u) < 0, then M

bends away from N. If κ (u) = 0, we can only say that the rate of bending of M near p is small.

There are unit vectors u1 and u2 such that

κ (u1) = κ1 = max
u

κ (u) , κ (u2) = κ2 = min
u

κ (u) . (B.23)

The unit vectors u1 and u2 are called principal vectors, and κ1 and κ2 are called principal curva-

tures.

The eigenvalues of the shape operator Sp of a regular surface M ∈R3 at p∈M are precisely the

principal curvature κ1 and κ2 of M at p. The corresponding unit eigenvectors are unit principal

vectors, and vice versa. If κ1 = κ2, then Sp is a scalar multiplication of their common value.

Otherwise, the unit eigenvectors e1 and e2 of Sp are perpendicular, and Sp is given by

Spe1 = κ1e1 and Spe2 = κ2e2. (B.24)

Let θ denote the oriented angle from e1 to u ∈ Tp (M ), so that u = e1 cosθ + e2 sinθ . Then the

normal curvature of κ (u) is given by

κ (u) = κ1 cos2
θ +κ2 sin2

θ . (B.25)

The Gaussian curvature and mean curvature of M are related to the principal curvature by K =

κ1κ2 and H = 1
2 (κ1+κ2). Hence, the principal curvatures κ1 and κ2 are the roots of the quadratic
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equation x2−2Hx+K = 0. Therefore,

κ1 = H +
√

H2−K and κ2 = H−
√

H2−K. (B.26)

For a point p in a regular surface M ∈ R3, we say that

• M is elliptic at p if K (p)> 0 (equivalently, κ1 and κ2 have the same sign)

• M is hyperbolic at p if K (p)> 0 (equivalently, κ1 and κ2 have opposite sign)

• M is parabolic at p if K (p) = 0 but Sp 6= 0 (equivalently, exactly one of κ1 and κ2 is zero)

• M is plane at p if K (p) = 0 and Sp = 0 (equivalently, κ1 = κ2 = 0)

B.1.5 Fundamental forms

Let M be a regular surface in R3 and u,v ∈ Tp (M ). The first fundamental form I gives us the

inner product between the tangent vectors:

I (u,v) = u ··· v (B.27)

The second fundamental form is the symmetric bilinear form II on a tangent space Tp (M ) given

by

II (u,v) = Sp (u) ··· v = Sp (v) ··· u (B.28)

For any non zero tangent vector w ∈ Tp (M ) the normal curvature is given by

κ (w) =
II (w,w)

I (w,w)
(B.29)

Finally, The third fundamental form III is given by

III (u,v) = Sp (u) ··· Sp (v) . (B.30)

Note that, III, in contrast to II, does not depend on the choice of the surface normal N. The third

fundamental theorem does not contain any new information, since it is expressible in terms of I
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and II.

III−2HII +KI = 0, (B.31)

where H and K denote the mean curvature and the Gaussian curvature of M .

The matrix of the first fundamental form I and the second fundamental form II is given by:

I :

E F

F G

=

σx ·σx σx ·σy

σy ·σx σy ·σy

=

1+d2
x dxdy

dxdy 1+d2
y

 (B.32)

II :

 l m

m n

=

Sp (σx) ·σx Sp (σx) ·σy

Sp (σy) ·σx Sp (σy) ·σy

=

σxx ·N σxy ·N

σyx ·N σyy ·N

=
1√

1+d2
x +d2

y

dxx dxy

dxy dyy


(B.33)

Note that, although Sp is a symmetric bilinear operator, its matrix (ai j) relative to {σx,σy} need

not be symmetric, because σx and σy are not in general perpendicular to one another.

With respect to the basis {σx,σy}, dN = (Nx,Ny)
T is given by the matrix −I−1II and Sp is given

by I−1II.

Sp = I−1II =

a c

b d

=
1

EG−F2

 Gl−Fm Gm−Fn

−Fl +Em −Fm+En



=
1(

1+dx
2 +dy

2) 3
2

1+dy
2 −dxdy

−dxdy 1+dx
2


dxx dxy

dxy dyy



=
1(

1+dx
2 +dy

2) 3
2


(
1+dy

2)dxx−dxdydxy
(
1+dy

2)dxy−dxdydyy(
1+dx

2)dxy−dxdydxx
(
1+dx

2)dyy−dxdydxy

 . (B.34)
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Note that, the matrix Sp is not necessarily symmetric, unless we use the orthonormal basis

{ux,uy}.

The Gaussian curvature is given by

K =
ln−m2

EG−F2 =
dxx dyy−dxy

2(
1+dx

2 +dy
2)2 . (B.35)

The mean curvature is given by

H =
Gl +En−2Fm

2(EG−F2)
=

dxx
(
1+dy

2)−2dxy dx dy +dyy
(
1+dx

2)
2
(
1+dx

2 +dy
2)3/2 . (B.36)

B.1.6 Alternative formulas

Let σ : U →M ∈ R3 be a regular patch. Then

l =
[σxx σx σy]√

EG−F2
, m =

[σxy σx σy]√
EG−F2

, n =
[σyy σx σy]√

EG−F2
, (B.37)

where [·] denotes the scalar triple product.

Similarly, we can get K and H.

K =
[σxx σx σy] [σyy σx σy]− [σxy σx σy](

‖σx‖2 ‖σy‖2− (σx ·σy)
2
)2

K =
[σxx σx σy]‖σy‖2−2 [σxy σx σy] (σx ·σy)+ [σyy σx σy]‖σx‖2

2
(
‖σx‖2 ‖σy‖2− (σx ·σy)

2
) 3

2

(B.38)
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